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CS 357 Homework Formatting and Submission Guidelines

1. Write your solution neatly and scan/photo your document OR typeset your solution OR embed hand-
drawn or electronic images (i.e. JFLAP) into the file.

2. Include the complete problem statement for each exercise before the solution.

3. Label each problem with the exercise number (#1, #2, etc).

4. List any assumptions you are making about the problem if the information is not given in the problem
statement.

5. When drawing state machines, be sure the arrows are clearly labeled with the corresponding symbol
and be sure the arrow head is clearly visible. Make sure the start state is annotated with an in-arrow.
JFLAP is helpful for drawing neat state machines — plus you can simulate strings through the machines.
6. Include your name in the file.

7. Acknowledge other people with whom you worked for each problem.

8. Write “checked in class” after each solution that Tammy checked off in class.

9. Submit homework through Moodle links, which will have the due date and time. See the syllabus for
late days policy.

Please follow these guidelines to avoid losing homework points due to formatting errors.

Advice for Working on Homework Assignments

1. Start assignments early, so you have plenty of time to ask for help, if necessary. Feel free to ask
guestions during class time and office hours. See the syllabus for office hours times.

2. Some class time will be used to practice problems. Some class time will be used to work on homework
problems, often times in small groups. Collaborative learning is encouraged; however, you should be
able to independently write and explain your solutions. Copying someone else’s work without
contributing to the solution is not okay. Working with someone else or a small study group to co-
develop solutions is okay. All group members should be able to explain the solution.

3. Homework is your chance to practice and learn the material and it may even be somewhat fun in this
course. Much of this course is coding via diagrams.



Activity O: First Day “Quiz”

This course, Theory of Computation, will introduce you to the tools and skills to characterize types of
problems as “easy” or “hard” or “impossible to find a solution in my lifetime”. These problems are
classified relative to the computational model (abstract machine) that is necessary to “solve” them. To
get your brains warmed up after the summer, think about the following problems. For each, indicate
what kind of machine would be necessary to solve that problem.

The machines include (increasing by processor speed and memory size):
Calculator (easiest)

Cell phone

Desktop PC

Parallel Supercomputer (hardest)

Problem 1
Input: Airport Name
Output: Yes if # of €’s in the name is greater than the # of a’s in the name. Otherwise, answer is no.

Example: Input: Portland, Output: No
Input: Los Angeles, Output: Yes

Type of machine:

Problem 2
Input: Two airports, pricing schemes, and schedules of all airlines
Output: Cheapest flight option (direct flight need not be cheapest)

Example: Input: Portland, OR and Orlando, FL
Pricing schemes for all airlines, routes of all airlines,

Restrictions on pricing for all airlines

Output: $392.10 on United going through San Francisco,
Chicago on flight classes U and T

Type of machine:




Problem 3
Input: Two airports, distances between any two airports in the world, airline routes
Output: Shortest flight plan in terms of distance

Example: Input: Portland, OR and Modesto, CA
Output: Shortest flight plan: Portland to San Francisco, San

Francisco to Modesto (760 miles)

Type of machine:

Problem 4
Input: Airport name
Output: Yes, if it has the substring “or” in it. Otherwise, no.

Example: Input: Portland Output: Yes
Input: Los Angeles Output: No

Type of machine:

Problem 5
Input: Entire airline route map

Output: Yes, if there is a tour. Otherwise, no. A tour consists of visiting every airport and no airport is

visited more than once.

Type of machine:

Problem 6
What is something you want to share about yourself with the class (hobby/skill)?

In this course, we will study and classify problems according to what type of computational model is

necessary to solve them.

For these problems above, the correspondence between machines and computational models is:

Calculator -> Finite State Machine (Regular Languages)
Cell phone -> Pushdown Automata (Context-free Languages)
Desktop computer -> Turing Machine (Decidable Languages)



Discrete Math and Data Structures Review

This course builds from material in prerequisite courses, especially discrete math (MTH 311) and data
structures (CS 305). Review your prior course materials and/or the resources posted to Moodle. Below
are the essential topics that we will use from these courses. Add your own notes to the topics below.

Set: unordered collection of elements
Symbol: Denoted by curly braces, such as {a, b, c}

Tuple: ordered collection of elements
Symbol: Denoted by parentheses, such as (x, y)

Cartesian product: cross-product to create items from multiple sets
Symbol: Denoted by x

Graph: ordered collection containing a set of vertices (also called nodes) and a set of edges

Symbol: As a picture, vertices are circles and edges are lines/arrows between vertices

Can be directed or undirected

Commonly used algorithms on graphs: breadth-first search, depth-first search, connectivity,
shortest path

Tree: data structure with nodes where each node has exactly one parent and zero or more children;
often represents hierarchy
Symbol: As a picture, nodes can be circles and connections to children nodes can be arrows

Stack: linear data structure where elements are organized in a last-in-first-out (LIFO) order with two
main operations: push and pop

Function: mapping from domain (input set) to range (output set)
Symbol: Denoted by F: D -> R, where D is the domain set and R is the range set

String: finite sequence of symbols from an alphabet (order matters)
Symbol: written as the array of characters from the alphabet
Alphabet denoted by 2



Language: set of strings (not be confused with a programming language)

Proof Techniques: direct, indirect, contradiction, induction (know these types of proof; in this course,
we will mostly be doing direct proofs (constructing machines), proofs by contradiction, and induction
proofs. Note that in CS, we often use strong induction rather than weak induction, since recurrences and
recursive structures involve sub-problems of various sizes.

Prerequisites are your foundation — it is important to fill in the holes prior to building new skills and
using new knowledge in this course. Try to make a strong “jenga” tower now. Plus, the course is like a

“jenga” tower, where all material builds on to one structure.

Put your own notes here:




Deterministic Finite Automata (DFA)

DFA: State machine with states (nodes) and transitions (edges) labeled with symbols.

Example DFA M1:

v

Qo . I eY)
0,1

What strings does this machine accept?

What strings does this machine reject?

What is L(M1)? (set of strings that M1 accepts)



Formal description of a DFA:

1.

ukwnN

Q is the set of states

> is the alphabet

6: Q x Y -> Qs the transition function

go is the start state

F (subset of Q) is the set of accepting states

What is Q for M1?

What is £ for M1?

What is 6 for M1?

What is q0 for M1?

What is F for M1?



Draw a DFA that accepts the empty set (accepts no strings):

Draw a DFA that accepts just the empty string €:

Draw a DFA that accepts strings with an even number of 0’s over the alphabet {0, 1}.



DFA Example 1: w has odd number of a’s and ends with a ‘b’
Hint: Think about how to keep track of even/odd length strings.
Hint: Multiple, different DFAs can be correct, just like writing programs.

Try to create the DFA and then watch the video.



DFA Example 2: w contains substring ‘baab’
Hint: think about the path through the DFA that strings with the substring ‘baab’ would need to follow

Try to create the DFA and then watch the video.

10



Activity 1: Practice with DFAs

Part 1: Determining the language for a DFA
1. Consider M1 below.

M1=({q_1, q_2} {0, 1}, 5, q_1, {q_2}) where
1

gl ql1 q2

a2 ql q2

A. First, draw the machine as a state diagram here:

B. What language does M1 recognize?
L(M1) ={ }

2. Consider M2 below.

M2 =

a b

v b

5>

A. What is M2’s formal description as a 5-tuple? (
B. L(M2)={

11



3. Consider M3 below.
]
M3:
1 1
—> —> :
0,1
A, L(M3)={ }

Part 2: Designing DFAs

1. L1 ={w | w has even length} over 5 = {0, 1}

Hint: keep track of even/odd length by going between states

2. L2 ={w | w contains the substring 010} over y = {0, 1}

Hint: must see 010 consecutively

3.3 ={w | w starts with an ‘a’ and has at most one ‘b’} over 5 ={a, b}

12



Extra space for notes:
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Regular Operators

AUB union {x| xe AorxeB}
A (dot) B or AB concatenation {xy | xeAandy e B}
A* star {X1X2X3Xa.. Xk | k >=0 and x; € A}

Theorem: The class of regular languages is closed under the union operation.

(Translation: If Ais regular and B is regular, A U B is regular}

Proof idea: We'll construct M by using the following:

1. Q={(r1,r2) | rlisinQlandr2isinQ2}

2is21Uz22

3. 6((r1,r2),a)=(61(r1, a), 62(r2,a))  note: if the alphabet is not common for A and B, then the
transition for any symbol not included in the machine just goes into a forever reject state

4. gO0is(q1,g2)

5. F={(r1,r2) | rlisinFlorr2isin F2}

N

14



Let’s try one:
A ={w | w starts with an ‘a’}
B = {w | w has an even number of ‘b’s}

Draw DFA that accepts A over alphabet {a,b}:

Draw DFA that accepts B over alphabet {a,b}:

15



Using the proof idea, construct the DFA for A U B:

16



Theorem: The class of regular languages is closed under concatenation.

Ideas for proving this?

(detour: NFAs)

17



NFA — Nondeterministic Finite Automata

Let’s start with an example.

1 0,¢ 1
‘/—'
s WV

0,1

Formal Description of NFA: 5-tuple
(Q, 2, 8,q0F)

Only difference with DFA is
6: Qx Y(with g) ->P(Q) power set of Q
(since nondeterminism lets us to be in multiple states at once)

Model of computation for NFA:

Suppose Nisan NFA=(Q, 5, §, 90, F).
Suppose W = WiW,Ws...Wn.

N accepts w if there is a sequence of states rorir,...r, such that:

l.ro=qo // starts in start state
2. ris1 € 8(ri, Wis1) // next state is in set of states that follow transition(s)
3.rmeF // last state is an accept state

(similar to DFA, but now property 2 just has to be in the set of states for the machine)

18



What are the tuple pieces for the NFA above?

Jo =

19



What does M2 recognize?
M2 =

, 1 0,1
0,1

What does M3 recognize?

M3 = - >

08
‘ |
‘

o



NFA Example 1: w ends with ‘aa’ over alphabet {a, b}

Hint: it can be done in 3 states
Hint: use non-determinism

Try it and then watch the video.

21



NFA Example 2: w contains substring ‘baab’
Hint: think about the path through the NFA for the substring
Hint: is this easier than the DFA for the same language?

Try it and then watch the video.

22



Activity 2: DFA and NFA Creation Practice

1. A={w | wends in 00} over alphabet {0,1} with a 3-state NFA

2. B ={w | w contains neither the substrings “ab” nor “ba” over {a,b}} with DFA

(Hint: construct for the complement of B and then reverse accept and reject states)

3. C={w | length of w is at most 4} with DFA or NFA

4.D ={w | wis not the empty string} with DFA or NFA

23



Theorem: The class of regular languages is closed under the concatenation
operation.

(Translation: If A is regular and B is regular, AB is regular}

Proof ideas?

Idea: Assume DFAs for A and B exist. Create NFA that nondeterministically chooses when to exit
machine for A and start machine for B.

: ©
O

O
—0 o @
O/

Put e-transitions from accept states for machine M_A to start state of machine M_B. Remove double
circles from accept states for A and keep accepts states for B.

24



(O)e—

Theorem: The class of regular languages is closed under *.

Proof ideas?

Ideas? Use nondeterminism to loop back from accept states to the start state. Also, must accept € since
A* is 0 or more copies and 0 copies is €. Add new start state that accepts, and goes on € transition to
original start state.

o‘/e/@
©

Proof
Assume A is regular and the DFA for Ais M1 = (Qq, 31, 61, qo1, F1}. Construct NFAN = (Q, 3, 6, go, F) such
that:

Q=Q1 U {qo} all states in original DFA plus a new start state
2=21
6(q, a) =
[ 81(q, a) qeQiandqgnotinF;
81(q, a) gqeFrandaisnote
< &i(g,a) u{go} ginFianda=¢
{go1} g=qoanda=¢
B4 g=qgoandaisnote
do is new start state
F={qo} UF: all accept states in original DFA plus qo

25



Closure Example: If language A is regular, then A_reverse is regular.
AR is the set of all strings in A that are written in reverse.
Remember, to prove that a language is regular, we need to create a DFA or NFA that recognizes the
language. For specific languages, we can just construct a specific DFA or NFA with specific states and
transitions. However, in this proof, we need to build a DFA or NFA from the components of the DFA for
language A. Thus, the proof will be written with the formal tuple notation.

It’s easier to create the NFA for AR from the DFA for A.

Draw picture of intuition here:

Proof using tuple notation and symbols:

26



Converting NFAs to DFAs

Theorem: Given NFA N, it has an equivalent DFA M.

Proof: Let N=(Q, 5, 6, qo, F) be an NFA that recognizes language A. We will build M = (Q, 3’, 6, qo¢, and
F’) that recognizes A.

For now, let us assume N has no epsilon transitions.

Q' =P(Q)
2=2
6’(R, a) = Union over rin R (8(r, a)) // delta takes set of states x character to set of states

qo = {qo}
F'={Rin Q| set R contains at least one accept state of F}

OK, this works for NFAs that do not contain epsilon transitions. Now, consider a general NFA that can
contain epsilon transitions — how should we modify this?

E(R) is the set of states that can be reached from R following epsilon transitions
We need to modify delta and the start state to include these:

6’'(R,a)={qinQ | qisin E(5(r, a)) for some r in R}
go = E({qo}) // states reachable from go on epsilon (g) transitions

27



Let’s try an example:

a,b

M b

v

A—

Q={o, {1}, {2}, {1, 2}}
> ={a, b}

qo = {1}

F={{1}, {1, 2}}

6: l

28



Example: Convert an NFA with epsilon transitions to an equivalent DFA:

29



Example: Convert the following NFA to a DFA:

0,1

30



Regular Expressions

Definition of regular expression:
1. a,aed
€
]
(R1UR2) where R1 and R2 are regular expressions
(R1 (dot) R2)
(R1%)

ok wnN

Shorthand:

> all strings of length 1 over 3

S* all strings over Y

S*1 all strings that end in 1

oy* all strings that start with 0

R+ means 1 or more concatenations of strings in R
R¥ means k concatenations of R

Precedence of operators: *, dot, U

Examples

S*15* {w | w contains at least one 1}
0*10* {w | w contains exactly one 1}
1*%(01+4)* {w | every 0 in w is followed by a 1}

03*0U13*1UO0U1 {w | wstarts and ends with same symbol}

31



Examples for Creating Regular Expressions

Try creating regular expressions for the following languages over the alphabet {0, 1} and then watch the
video.

{w | w starts with a ‘0’ and ends with a ‘1’}

{w | w contains at least three 1’s}

{w | w contains exactly three 1's}

{w | every odd position of w is 1, where the first character is in the odd position}

32



Activity 3: Practice with regular expressions

Part 1
Practice: What languages do these regular expressions generate?

1. 01U 10

2. (33)*

3. (OUeg)(1U¢¥)

4, 1*g
5. ¢*
Part 2

Practice: For each language below, give 2 strings in and 2 strings not in the language

1. a*b* in: not in:

2. abaUbab in: notin:

3. S*ad*by*ad>* in: not in:

4. (aaa)* in: not in:

5. a(ba)*b in: not in:

6. atb*a+ in: not in:
Part3

Find the regular expression for the following languages over {0,1}*:

1. {w | w has the substring 010}

2. {w | every odd position of w is 0, where positions are numbered 1, 2, 3, 4, etc.}
3. {w | whas odd length}

4. {w | w begins with 0 and ends with 01}

5. {w | w does not contain the substring 010} // note this one is hard

33



Space for notes:
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Theorem: A language is regular if and only if some regular expression describes

it.

Lemma A: If a language is described by a regular expression, then it is regular.
Lemma B: If a language is regular, then it is described by a regular expression.

How to show these?

A: Start with regular expression, create NFA (which we already showed can be converted to DFA)
B: Start with DFA, create regular expression

Let’s convert from a regular expression to an NFA first:

If we have a regular expression, how should we build an NFA to represent it?

Proof: Let R be a regular expression. For any R, we will show how to generate an equivalent NFA.

Consider the 6 cases:
1. ifR=aforsomeain 3, then the following NFA recognizes A

2. IfR=g¢,thenL(R)={e}

3. IfR=¢,thenL(R)=¢
‘

35



4. R=R1UR2 (use construction that we did in proof for U)
5. R=R1(dot)R2 (use construction that we did in proof for concatenation)
6. R=R1* (use construction that we did in proof for *)

Thus, for every possible regular expression (and combinations of regular expressions), we can generate
an NFA.

Example of converting regular expression to NFA:
(ab U b)*

Let’s convert this to an NFA:

a
a

b
b

ab

b
3 €
’ ;

36






Example to convert regex to NFA: a(aab)* U b

Try to convert a(aab)* U b to an equivalent NFA using the technique.

Hint: start with the smallest parts, the NFA for ‘a’ and the NFA for ‘b’. Create NFA for ‘ab’. Then create
the NFA for abb.

Try it and then watch the video.
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Activity 4: Converting regex to NFA

1: Create the NFA for the following regex:
a* U (ab)*b

39



Activity 4 continued

2: Create the NFA for the following regex:
(a Ub)a*b*

40



Converting DFA to a regular expression

What we'll do is collapse the DFA by following two rules:
1. If there are multiple edges from state q to state r, then create a union of the edge symbols

a

becomes

2. Ifthereis astate q->r->swhere r has a loop, we’ll replace it by g -> s and replace edge with

L

becomes

ab*c

41



Example of converting DFA to regex:

Assume DFA D is:

q0

We add a new start state and new accept state to D to create a generalized NFA called G:

»

q0

€
0
1 1
0
1
Now, we start ripping out states. Let’s rip q1:

42



1U01

qz/

OUe

1U00

01

Now, let’s rip out g2:

q0

Y

€ 0U (1 U 01)(01)*(0 U ) @

00 U (1 U 01)(01)*(1 U 00)

Now, let’s rip out qO:

(00U (1 U 01)(01)*(1 U 00))* (OU (1 UO01)(01)*(0UE)

—»

43



DFA to Regex Example: w does not contain the substring 010

Hint: First, create a DFA for strings that contain 010. Then, create the DFA for the complement of that
language.

Try doing this and then watch the video.

Note that there should be a union epsilon at the end of the final regex. The video was cut short.
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Activity 5: Practice converting a NFA->DFA and then DFA->regex

\ a

1. First, convert NFA above to an equivalent DFA:

2. Then, create the GNFA (new start state and new single accept state).

3. Then, rip a state:

4. Rip another state:

45



Summary (Regular Languages)
A language is regular if a DFA recognizes it (definition).

A language is regular if and only if an NFA recognizes it.
DFA is an NFA, NFA -> DFA

A language is regular if and only if some regular expression describes it.
DFA -> regex, regex -> NFA

The class of regular languages is closed under U (union), dot (concatenation), and *.

DFA
convert to GNFA, rip states to create regex
create states
representing
subsets of states
NFA <« Regex

build up of 6 regex components

DFA
by defn did not show directly, but can convert to regex to NFA,
NFA -> DFA
NFA

—» Regex

did not show directly, but can convert to DFA and then to Regex
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CS357 Review Sheet — Midterm Exam #1

You may use 1 crib sheet as notes during the exam. All other resources are off limits — you are on your
honor to follow these exam rules.

Content: Exam 1 will cover sections 0.1 through 1.3 of the textbook. Material will be drawn from
homework assignments, lectures, and the textbook.

Procedure: Please arrive to class on time. You may use one sheet of 8.5” x 11” paper (both sides) during
the exam. Other than your sheet of notes, the exam is closed-book, closed-calculator, closed-computer
other than the moodle submission links, and closed-notes. All computations will be simple enough for
you to do by hand.

Topics: This study guide is not a contract — in other words, the exam may not cover every topic listed
below and there may be topics that we covered in class that are not explicitly listed.

e Discrete Math Review
o Sets
Sequences (Tuples)
Functions and Relations
Graphs
Strings and Languages
Boolean Logic
Proofs
= Direct
= |ndirect
= Contradiction
= Induction
=  Construction
e Regular Languages (those that can be recognized by DFAs, NFAs, or written as regular
expressions)
e DFAs
o Given alanguage, construct the DFA
o Given a DFA, state the language it recognizes
o Formal definition as a tuple
e Union, Concatenation, *
o Closure of regular languages under U, concatenation, and * (know the proofs)
e Closure of regular languages under other operations, such as reverse and perfect shuffle
e NFAs
o Given a language, construct the NFA
o Given an NFA, state the language it recognizes
o Converting NFAs to DFAs
o Formal definition as a tuple
e Regular Expressions
o Given a regular expression, state its language
o Given a language, create a regular expression

O O O O O O
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o Converting regular expressions to NFAs
o Converting DFAs to regular expressions
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Question to ponder: Can you create a DFA or NFA for the language L={0"1" | n
>=0)?

What would you need to do this?

Non-Regular

How would we show that a language is non-regular?

49



Pumping Lemma for Regular Languages

Pumping Lemma for Regular Languages:
If Ais a regular language, then there is a number p (the pumping length) where, if s is any string in A of
length at least p, then s may be divided into 3 pieces s = xyz such that:

1. Foreachi>0,xy'zeA

2. |y|>0

3. Ixyl<p

In other words, arbitrary copies of y concatenated in the middle results in strings that are still in the
language A.

Formal proof
Let A be a regular language that is recognized by DFAM =(Q, %, 6, qo, F). Let p=|Q].

Let s = 515553...5n be a string that is in A where n >=p. Let ry, ry, ..., e be the set of states that are
entered when executing M on s. Because n >= p, then (n+1) > p, so there must be some state that is
repeated in ry, ry, ..M. Let rj be the first such repeated state in the list and let r¢ be the second instance
of the repeated state in the list.

Letx =51 ... 5j1
Lety=s5;j... Sk1

Let z=sk...5n

[condition 1] M must accept xy'z for i > 0 since s is accepted by M and the y part can be repeated 0 or
more times.

[condition 2] The string y has length > 0 since rjand r¢ appear as separate entries in the sequence of
states entered. Thus, there is at least one transition from r; to ry.

[condition 3] The latest the duplicate states could appear is rn and rn.1, SO |xy| £n, so |xy| < p.
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Activity 6: Find the minimum pumping lengths

Examples:

0001* // 4 (000 is in but cannot be pumped down, 0001 can be pumped down)

0*1* // 1 (0 can be pumped down, 1 can be pumped down)

0*1+0+1* U 10*1 //3 (11 cannot be pumped, but strings of length 3 can be pumped by either part)
(01)*11 // 3 (no strings of length 3, 0111 can be pumped down, length 3 is “vacuously true”
11(01)* // 4 (no strings of length 3, 1101 can be pumped down, pumped string must come in

// first p characters

What are the minimum pumping lengths of the following languages?

Hint 1: think about the shortest string(s) in the language. They cannot be pumped down.

Hint 2: if there are strings of length 4 that can be pumped up and down, there are no strings of length 3
in the language, and there are strings of length 2 that cannot be pumped down, then the minimum
pumping length is 3 due to the vacuously true part of the pumping lemma.

Hint 3: the pumped out or pumped in substring y must come in the first p characters where p is the
minimum pumping length

1. aa*b U abab*b MPL=__
2. ba(ab)*Ub MPL=__
3. bb(aaa)* MPL=__
4.ab U ba MPL=__
5. bb* U aaa* MPL=__
6. babba* MPL=__
7. (aaa)*bb MPL=__
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Using the pumping lemma to prove a language is NOT regular:

Assume you are given a language A.

1.
2.
3.

Game:

el e

Assume A is regular. Thus, the pumping lemma is true for some pumping length p.

Choose a string s at least length p that is in A.

For all possible decompositions of s into xyz such that y has at least one character and |xy| <=p,
show that there is some i for which xy'z is not in A. Because the string cannot be “pumped”, we
have a contradiction. A must not be regular.

Adversary chooses p.

You choose a specific string s where |s| >=p.

The adversary chooses the decomposition of s into xyz, subject to |y| >0 and |xy]| <= p.
You choose i in such a way that xy'z is not in the language. In many proofs, it is common to
choose i to be 0 (i.e. remove substring y) or choose i to be 2 (i.e. consider string xyyz).
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Example of proving a language is not regular

(proof by contradiction)
Show that the language L1= {0"1" |n >= 0} is not regular.
Assume L1 is regular. Then, the pumping lemma holds with pumping length p. Choose s = 0P1P. Using the
pumping lemma, s can be split into three parts s = xyz such that |xy| <=p and |y| > 0. The following

cases for the decomposition are as follows:

Case 1: s = xyz where y contains all 0’s. Then, y = 0“ where 1 <=k <= p. Consider xy?z. Because y contains
at least one zero, the string xy?z must have at least N+1 zeros before the N ones. Thus, xy?z is not in L1.

Because |xy| <= p, there are no more cases to consider. Because the string 0°1P cannot be pumped, the
pumping lemma does not hold. We have a contradiction. So, L1 is not regular.
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Practice with scaffolding

Show L2 ={ww® | wisin {0,1}*}is not regular.

Assume L2 is regular. Then, the pumping lemma holds with pumping length p. Choose s =
Using the pumping lemma, s can be split into three parts s = xyz such that |xy| <= p and |y| >0. The
following cases for the decomposition are as follows:

Case 1: s = xyz where y contains . Consider xy*z where k = . Because y contains
, the string xy*z must . Thus, xy*z is not in L2.

Case 2: (if needed)

Case 3: (if needed)

Because the string s cannot be pumped for any choice of y, the pumping lemma does not hold. We have
a contradiction. So, L2 is not regular.
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Activity 7: Proving Non-regular languages

Show each of the following languages are NOT regular by using the pumping lemma.

L3 = {w | w has an equal number of 0’s and 1’s in any order over {0,1}*}

Cases:

L4 = {ww | w is over {0,1}*}

Cases:

L5={0'1 | i>]}

Cases:

55



Space for notes:
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Context Free Languages

Generated by a context free grammar (CFG)
Often used to express programming languages and natural languages
Java’s grammar is here: https://docs.oracle.com/javase/specs/jls/se18/html/jls-19.html

Example of simple grammar:

G1:

A ->0A1
A->B
B->#

Grammar components:

Variables: A, B V ={A, B}
Symbols/Terminals: 0, 1, # >={0,1, #}
A is the start variable S=A
Example:

S=00#11isin L(G1)
How is S derived?

A ->0A1

= 00A11

= 00B11

= 00#11

Another view as a parse tree

|
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https://docs.oracle.com/javase/specs/jls/se18/html/jls-19.html

1. What is L(G1)?

Formal definition of a CFG: (V, %, R, S)
1. Visthe set of variables
2. Zisthe set of terminals (alphabet)
3. Risthe set of rules from variables to strings of variables and terminals
4. SeVisthe start variable

G2 = ({S}, {a, b}, R, S) where Ris S->aSb | SS | €

2. What strings does G2 generate?

3. What is L(G2)?
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G3=(V, 3, R, <expr>)

V = {<expr>, <term>, <factor>}
>=fa,+x ()}

R:

<expr> > <expr> + <term> | <term>
<term> > <term> x <factor> | <factor>
<factor> 2> (<expr>) | a

4. What strings are generated?

Definition An ambiguous grammar has two or more parse trees for at least one string in L(G).

Example:
G4:
E->E+E|EXE]|(E)]|a

5. Find a string that can be generated in two or more ways with G4.
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Grammar Example 1: w has middle symbol 1

Try creating the grammar for this language and then watch the video.
Hint: think about how to elongate the string to keep the 1 in the middle.

Hint: think recursively. What is the base case (shortest string)? What are the recursive cases?
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Grammar Example 2: w equals w reverse
Try to create the grammar for this language and then watch the video.
Hint: it needs to work for even-length and odd-length strings.
Hint: think about the base cases (shortest strings)

Hint: think about the recursive cases (how to make longer strings from a given string x in the language)
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Theorem: If language A is regular, A is a context free language. (The regular
circle is embedded in the CFL circle.)

Proof idea: Need to convert DFA to a CFG.

Each state becomes a variable.
If d(ai, a) = qj

becomes rule Ri-> aRj
For accept states:

Ri->¢
If qO is start state, then:

Ro is start rule

example:

DFAM = ({q0, a1, 92, g3}, {0, 1}, §, 90, {90, g2})
o:

q0 ql a2
ql q0 a3
q2 a2 a2
a3 a3 a3

Grammar is:
Ro ->0R; | 1R, | €
R1->1Rs3 | ORo

Rz -> ORz | 1R2 | €
Rs -> OR3 | 1R3
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Activity 8: Construct grammars for languages below
(note: Z = {0,1} for all languages below)

A={0"1" | n>=0} U {1"0" | n >= 0}

B = {w | w starts and ends with the same symbol} // note this one is actually regular

C={w | length of w is odd} // note this one is actually regular

D ={w | length of w is odd and middle symbol is 0}
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Converting to CNF (Chomsky Normal Form)
In CNF, all rules have the form:
A ->BC The rule S -> € is permitted, no other rule has €

A->a

Idea for converting a grammar into CNF:

Make a new start rule SO -> S

For any rule A-> €, replace occurrences of A on the righthand side of rules with €

Remove rules A -> B, B-> a and replace with A->a and remove rules A -> A

Remove rules that look like A->abcd with rules A->aA;, A1->bA,;, Ax->cAs, Az->d
or rules that look like A->ABCD with rules A->AA;, A1->BA,, A,->CD

5. Remove rules that look like A->aB with rules A->XB and X->a

PwnNPE

Example:

G: S->ASA | aB
A->B|S
B->b|e

1. Make new start rule

So->S
S->ASA | aB
A->B|S
B->b|e

2. Remove B->e rule

So->S
S->ASA | aB | a
A->B|S|e
B->b

Remove A->¢ rule

So->S
S->ASA|aB|a|SA|AS|S
A->B|S

B->b
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3. Remove S$->S

So->S
S->ASA | aB | a | SA | AS
A->B|S

B->b

Remove Sp -> S

So->ASA |aB|a|SA | AS
S->ASA |aB|a|SA|AS
A->B|S

B->b

Remove A->B

So->ASA |aB | a | SA | AS
S->ASA |aB|a|SA|AS
A>b|S

B->b

Remove A->S

So->ASA |aB|a|SA | AS
S->ASA |aB|a|SA|AS
A->b|ASA|aB|a|SA|AS
B->b

4. Remove rules that go to three or more terms

So->AA; |aB|a | SA|AS
S->AA; |aB|a|SA|AS
A->b|AA;|aB|a|SA|AS
B->b

A1-> SA

5. Remove rules A->aB

So->AA; | UB|a|SA|AS
S->AA; | UB|a|SA|AS
A->b|AA;|UB|a|SA|AS
B->b
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A1-> SA
U->a

The resulting grammar is now in CNF (all rules look like A->BC or A->a)

Practice: Convert the following grammar to CNF:

G: S>A|¢
A->01 | 0A1
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Pushdown Automata (PDA)

It’s like an NFA with a stack.
Read input, go through states (but machine also can push/pop symbols from a stack).

Push — write symbol
Pop — read symbol and remove from stack

Example: PDA for {0"1" | n >=0)

Idea: use stack to store Q’s it has seen. When you start reading 1’s, start popping 0’s off the stack. If
stack is empty when entire string is read, then we accept.

g, > S ’ 0,e>0
| -
Ql

1,0->¢

« Q2 Q 1,0->e
g, S8>¢

Formal Definition:
M = (QI Zl rl 51 qu F)

Q = set of states

2 = input alphabet

I = stack alphabet

6:QxZexle->P(QxTle) // transition takes state, input, and stack -> set of states
// (can be in several states after transition

Qo is start state

F is set of accept states
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Definition of computation:
1. Misa PDA. M starts in g0 with an empty stack
2. M follows transitions given input symbol, state and stack symbol
3. If M can finish reading the input string and end in an accept state, the string is accepted.

Let’s see what happens when the above PDA runs on w = 000111.

What does delta transition table look like?

Transition table delta for the PDA for {0"1" | n >= 0). Blanks represent the empty set to keep the table
from getting too cluttered.

6:

Input| O 1 €

Stack | O S € 0 S € 0 S €

q0 {(a1, 5)}
ql {(a1,0}} {(a2,e)}

q2 {(a2,e)} {(a3,e)

a3
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Another example of a PDA:
{wwR | w e {0,1}*}

Idea: push symbols of input, nondeterministically guess middle, start popping read symbols

g,e>8 0,e>0
> Q1 l,e>1

g, €>€

. @) < ) 00>
1,1->
g, S8>¢ €

Try operating on 110011.

More on the stack part of the transition:
e->0 PushO
0->& Pop 0 (means stack must have 0 on top, if it does not, cannot follow this transition)

e->e  Keep stack the same

0->1  Replace 0 with 1 (really just shorthand for pop 0, push 1)

0->01 Read O on top, push 1

0->00 Read 0 on top, push 0 (really just shorthand for pop 0, push 0, push 0)
r->e Pop any symbol from stack
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PDA Example 1: w has middle symbol 1
Try to create the PDA for this language and then watch the video.

Hint: our memory in a PDA is a stack. How can you use the stack to get to the middle of the string?
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PDA Example 2: w equals w reverse
Try to create the PDA for this language and then watch the video.

Hint: our memory in a PDA is a stack. How can you use the stack to ensure the string is a palindrome?
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Activity 9: Construct PDAs
Create PDAs for the following languages:

A ={w | w has more a’s than b’s over {a,b}*}
Hint: Use the stack to show difference of # a’s versus b’s or difference of # b’s versus a’s

B = {w#x | wRis a substring of x, where x and w are over {0,1}*}
Hint: Use the stack to push w; ND pop from stack to guess substring portion
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Converting CFG to PDA (flower power)

General idea for PDA:
1. Place $ on stack, Place S on stack
2. While(true):
a. If top of stack is variable A, nondeterministically select a rule for A and substitute
b. If top of stackis a and input is a, keep processing stack by reading a from string and
popping a from stack. Otherwise, reject this branch.
c. Iftop of stackis S, accept.

Assume A is context free given by grammar G = (V, 3, R, S). Construct PDAM =(Q, 5’, T, §, 0, F) as
follows:

Q = {Qstart, Q1, Qloop, Qaccept}
>=2

r=yU{Sjuv

6 (see below)

q0 =qg_start

F = {q_accept}

g, A->w // for all rules (reverse order on right-hand side w)
a,a->¢ //forall symbolsin$

g,S$->¢
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Example to convert grammar to PDA

S->aSb | ST | Tb
T->bTa|a|ce

There are six rules, so we will have six petals (some shared) around Qloop. The alphabet (terminals) are
{a, b}, so we will have a rule that reads the symbol and pops the symbol in the alphabet.

a,a->¢€
b,b->¢
g, T->a
g,T->¢

g, T #a gS->b

Q E,S->b s,s—>a©

g,e>T

g, €->S

g,S$->¢

Qaccept
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Let’s see how this PDA accepts aabb:

Stack:

v o U o

read a

v o T -

" T T o
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reada readb readb
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CFG->PDA Example: Converting grammar to equivalent PDA

CFG:

A->aAb | Bb | e
B->aB | a

Create flower diagram for equivalent PDA:
Remember: the rules need to be pushed to the stack from right to left.
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Activity 10: Practice converting grammar to PDA
Use the conversion technique (flower power) to convert the following grammar to an equivalent PDA.
S->aaSC | Cab | €

C->aCb | Da
D->bD | b
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Converting PDAs to CFGs

Theorem Assume A is L(M) where M is a PDA. Then, there is a context free grammar G that generates A.
Lemma: If a PDA recognizes some language, then it is context free.

Idea:
We'll transform the PDA:
1. It has one accept state gr
2. It empties its stack before accepting
3. Each transition either pops or pushes a symbol (no places where the stack stays the same)

To convert to grammar:

1. Variables Aj will represent paths from state i to state j

2. A, ->aAisbif p goes to r while reading a and pushing t AND r goes to s while reading b and
popping t
OR A,q -> aAib if p goes to r while reading a and popping t AND r goes to s while reading b and
pushing t //legal moves through PDA that preserve stack

a,e->t
OO
a,t->¢

CO——() O——

3. Start variable represents going from start to gs. // must get all the way from start to accept

4. A,q-> AnA forallp, g, ras states in PDA // can replace path with two adjoining paths in
PDA
5. App -> € forall p in the states in PDA // can stay in state without reading anything
Example
PDA for 0"1"

@ g, e>8S
—>

@ =
<
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Transform PDA:
1. One accept state.

@ g, e>8$
—

2. Empties stack before accepting (already done)

3. All transitions either pop or push a symbol:

g, e>8S ’ 0,e>0
_’ %
2
\ g, e>8

1,0->¢

@ ) 1,0->¢
g, S5>¢ \ 7@

Ok —now we’re ready to make variables for the grammar.

1) Identify all transitions where same symbol is (pushed and popped) or (popped and pushed):



Note: we will not worry about the pop/push pairs for this PDA, since there is no path that gets from the
start to the accept state with a pop/push in that order.

push pop
S 1->2 5->4
S 1->2 3->4
S 1->5 5->4
S 1->5 3->4
0 2->2 2->3
0 2->2 3->3

Rules from push/pop pairs and pop/push pairs are:
A1s -> €AxsE | €Aj3e | €Asse | €As3e
Az ->0A21 | 0A1

2) Addrules Ay, -> €

A ->¢
Ap->¢€
Az ->¢€
Au->¢
Ass -> €

3) Add rules Ai -> AjAj for all i, j, k (most will be unreachable)

Ass -> AAss | A12Azs | A13Ass | A1aAss | AsAss
A > ...
Aszs > ...

(125 rules)

4) Startruleis A

Overall grammar: // keep the part 3 rules that appear on right-hand side

A1g -> €Ase| €Azse | €AssE | €AssE

Az -> 0A»1 | 0Ax1

Ay ->¢

Ass -> ¢

Axs -> Ax1Ais | A22Azs | A2sAss | AzaAas | AzsAss
Azz -> A21Ass | A22Azs | A23Asz | AzAaz | AzsAss
Ass -> AsiAss | AsaAss | As3Ass | AsaAas | AssAss
Asz -> As1Ass | AsAzs | AssAsz | AsaAsz | AssAss
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Az > AnAr | AnAzr | AxsAsz | AssAsz | AssAsy

Can delete some of these part 3 rules to tighten up grammar (the bottom five don’t bottom out to
terminals, so they can be removed). The first and last options of the top rule can be pruned since these
do not lead to any strings.

Ais -> €A3e | €Asse
Azz -> 0A1 | 0Ax1
Ap->¢
Ass -> €

Cleaning up further through substitutions:
Az -> A23 | €
Ay ->01 | 0A31

This looks a lot like the grammar we originally created for this language.

If you want to be safe, do not remove any rules to clean up the grammar. In this course, it’s ok if you
keep unreachable rules. Better to be “safe” than “sorry” by accidentally removing rules. You can write
the complete grammar as follows:

A1g -> €A | €Asse

Az -> 0A1 | 0A31

Ai->¢€ for1<i<5

Aic -> AjAi for1<i<5,1<j<5,1<k<5
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PDA to CFG Example 2

Here is another example of the PDA to CFG conversion. Assume the language is the set of strings with
middle three symbols equal to aba.
PDA:

g, e>8$
80

a, x->¢€
b, x-> ¢

@ g,S>¢

Step 1: Transform PDA, so that it:
1) Has one accept state
2) Empties stack before accepting
3) Each transition pushes or pops on symbol

With the PDA above, 1 and 2 are already done. The PDA below adds states and transitions, so that every
transition pushes or pops one symbol.

PDA:
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@ g,$>¢

Ok —now we’re ready to make variables.

5) Identify all transitions where same symbol is pushed and popped or popped and pushed:

push pop
$ 1->2 5->6
X 2->2 5->5
1 2->7 7->3
2 3->8 8->4
3 4->9 9->5

Note: technically, you would also want to consider pairs that popped and then pushed the same symbol,
but looking at the PDA as a graph, all symbols are pushed before they are popped, so you may ignore
the pop/push pairs on this example.

1) Create rules for each of these pairs:

Ae -> €AxE

Azs -> aAjsa | aAasb | bAxsa | bAssb
Az ->ahAs;

Aszq -> bAss

Ass-> aAgo



Note that Asg is the start variable, since that represents the path from the start state to the final accept
state.

2) Now, we add rules for each state going to €.
An->¢€
Apn->¢
Az ->¢€
Ay ->€
Ass -> €
A > €
A7 ->¢€
Asgg -> €
Agy -> €

3) Now, we add rules for paths through the PDA but most of these are not necessary:

Asg -> A11A16 | A12A2 | A13As6 | A1aAss | A1sAse | A1eAss | A17A76 | A1sAss | A1oAgs
Ay -> ...

How do we know which rules are necessary? Look at the PDA as a graph. Include rules that are actual
paths through the PDA and for which there are variables on the RHS of the rules created from the
push/pop pairs.

As is the only variable on the right-hand side of a rule that is not A;;. So, we need to keep the paths for
Azs:

Azs > ApAzs | AzzAss | AzaPas | AzsAss | AziAis | AzeAes | Az7Ars | AzsAss | AzgAs
Of these, we only need to keep the ones for which there is a path in the PDA.
There is no path through the PDA for these rules:

A21A15

AzsAes

Ays -> AzAzs is simply Azs -> Ags, so it can be removed. The same is true for Azs -> AzsAss.

We can trim this rule to:
Ags -> A3Ass | AzaAas | A27A7s | AzsAss | AzoAos

Then, we can see which of these rules will actually “bottom out” to actual terminals, given the other
rules in the grammar. Of these, the first two will bottom out, so we just keep those.
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Now, we have the following rules on the RHS that need to be expanded: Ay Ass Az Ass
Azz -> A2Az3 | A23Asz | A2sAaz | AzsAss | AniAsz | AzsAes | AxrAzz | AzsAss | AzoAss
Ass -> A3Az5 | As3Ass | AszsAas | AssAss | AziAiss | AssAes | AszAzs | AssAss | AzoAgs
Aza -> Ap2Aos | A23Aza | A2sAaa | AxsAsa | AriAaa | AzeAea | A27A7a | AsgAsa | AzoAas
Ass -> AsAzs | AszAss | AasAas | AasAss | AarAis | AssAes | AarAzs | AssAss | AsoAcs

We can remove rules that do not represent an actual path in the PDA:
A -> A2Azs | AxzAsz | ArrAzs

Aszs -> As3Ass | AzsAas | AssAss | AssAss | AssAgs

Az -> A22Aza | A23Asa | A2sAas | A27Aza | ArsAss

Ass -> AasAss | AssAss | AssAgs

Now, we can remove RHS rules that will never bottom out using the rest of the rules in the grammar.
Az -> A2Azs | AxsAss // thisis simply Az -> Ay for both, so can be removed

Aszs -> AzqAsgs

Azq -> Ax3Aszg

Ass -> AsqAgs | AgsAss // this is simply Ass -> Ags for both, so can be removed

The final grammar is:

Ase -> €AsE

Azs ->aAssa | aAxsb | bAzsa | bAxsb | AzAss | AzAass
Azs -> Ar3Azs

Az ->ahAy;

Az -> bAsgs

Azs -> AzsAss

Ass-> aAgg

A ->€ //can remove
Ap->¢ //can remove
As3->¢€ //can remove
Aus->€ //can remove
Ass -> € //can remove
Ags -> € //can remove
Ay ->¢€

Agg -> €

Agg -> €

We could then remove any Aj rule that cannot be reached.
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Activity 11: Convert PDA to CFG
L = {wOw® | w € {0,1}*}

Convert this PDA to a grammar:

g,e>8 - ) 0,e>0
Qo > Q1 l,e>1

0,e->¢

) @) . ) 00>e
1,1->
g, S8>¢ €
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Theorem: CFLs are closed under union.

Proof: Assume A and B are context free languages with CFGs Ga = (Va, Za, Ra, Sa) and Gg = (Vs, Zs, Rs, Ss).
Rename all variables X in Va as Xa and rename all variables X in Vg as Xs. Create a new grammar G for AU
B as follows:

V=VaU Vs U {S}where S’ is a new start variable

2=3aU2p

R=RAURBU{S'->SA | SB}

S=¢

U is a grammar that generates the union of the two languages. All strings are generated from S’, a rule
that goes to either the start rule for the grammar for A or the start rule for the grammar for B. Since all

variables were renamed with subscripts for the language they generate, no strings will be formed from a
mixture of rules in Ga and Gs.

By the way, CFLs are also closed under concatenation and star, which you may be proving for
homework. However, CFLs are NOT closed under complement and intersection, which will be shown
later in the course.
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Can you build a PDA or CFG for the language a"b"c"?

Hmmm... stack can get two groups to be equivalent, but how to get all three groups of symbols
to be the same length? Perhaps this language is not context free.
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Pumping Lemma for Context Free Languages

If Ais context free, there is a number p (the pumping length) such that if s is a string in A with length at
least p, then s may be divided into five pieces: s = uvxyz, such that:
1. foreachi>=0, uvixy'zisinA

2. |vwy|>0
3. |vxy|<=p
Proof idea:

Let G be a grammar that generates A. Let s be some long string in A. s has a parse tree with the root as
the start variable. Since s is long, some variable V must repeat since the grammar has a finite # of
variables. Assume R is the repeating variable. Then the parse tree must look like:

X

If we remove the bottom R (don’t re-substitute), then we can create the string uxz (by having the middle

R go to x).

We could also resubstitute the top R into the bottom R.
So, now S -> uvvxyyz.

We could do this for any number of substitutions, to get uvixy'z is in A.

What must the value of p be?
Let G have |V| variables.

p=blVl+1 where b is the max number of symbols on the right side of any rule
p is the number of symbols on the leaves
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Then, the parse tree for S with length >= p will be at least |V| + 1 tall.
Why must |vy| > 0?
If s can have a parse tree with |vy| = 0 (meaning no symbols being used), then we can find a smaller

parse tree for s that does not contain vy, so we'll use that minimum parse tree.

Why must |vxy| <=p?

L

S
R \
/ VXY z

Choose R, the repeating variable lowest in the tree. The height of R to the bottom of the tree is at most
|V] + 1 high (if each rule is used once). Each rule goes to at most b items on the right side, so a tree of
height |V| + 1 with spread b, can generate at most b!V! ** symbols. So |vxy| <= p.

Let’s see how this plays out with a context free language:
A->0A1 | #
p=32=9 //note: 9 is not necessarily the minimum pumping length —it’s at least the minimum

Let s = 0000#1111

Divide s = uvxyz, such that
u =000

v=0

X=#

y
z

=111

We can pump this up or down and the resulting string is still in the language.
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Using the pumping lemma to show a language is NOT context free:

Game:
1. Adversary chooses p
2. Given p, you choose a string w in the language such that |w| >=p
3. The adversary chooses the decomposition of w = uvxyz such that |vy| >0 and |vxy| <=p
4. For each decomposition, you show that there exists a specific integer value for i such that uvixy'z
is not in the language.
Example:

A ={a"b"c" | n >=0}. Show A is not context free.
Proof: Assume A is context free. Thus, the pumping lemma for CFLs holds. Let p be the pumping length.
Let s = aPbPcP. Consider s = uvxyz subject to |vy| >0 and |vxy| <= p:

aaa....... aaaaabbbb....bbbbbbccc.....ccccc
<- p ><-p ><- p >

Where could vandy be?
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Step 1: Choose s: aPbPc?

Step 2: Consider all possible decompositions

Case 1: vxy is in the set of all a’s, all b’s, or all ¢s. let i = 2. Consider uv®xy?z. This pumped string has too
many of one letter versus the other two letters and is not in the form a"b"c". The pumped string is not in

A.

Case 2:visina’s,yisinb’sORvisinb’sandyisinc’s. Leti= . Consider uvix'z. Why is the
pumped string not in A?

Case 3:vory includes a mixture of a’s/b’s or a mixture of b’s/c’s. Let i = . Consider uvix'z.
Why is the pumped string not in A?

Are there any other cases? Remember that |vxy| < p, so v could not be inthe a’sandyinthec’s.vany
would be too far apart.

92



Examples of proofs showing languages are not context free
A = {wit | wis a substring of t over {a,b}*}
Prove A is not a context free language.

We will proceed with proof by contradiction. Assume A is a context free language. Thus, the pumping
lemma holds and we can assume some pumping length p > 0 exists for language A. Then, let:

s = aPbP#aPbP

Note that this string s has length 4p + 1, so its length is definitely >= p. Also, s is clearly in language A
since the w piece of the string is equal to the t piece of the string and a substring can be the string itself.

Now, let’s consider the ways s can be split into five pieces, such that:

S = Uvxyz

with the constraints that |vxy| <= p and |vy]| >0.

For the simplicity of this proof, define a segment as one of the following strings of s: aP or bP

Case 1: Both the v and y substrings are in the substring before the #. Consider i = 2. Consider s’ = uvxy?z.
Note that since |vy| >0, at least one more a or one more b in one of the segments before # appears in
s’ versus s. Then, the substring w in s’ before the # is longer than the substring t after the #, so w cannot
be a substring of t. Therefore, s’ is not in A.

Case 2: One of the v or y substrings contain the # character. Consider i = 0. Consider s’ = uv®xy°z. Because
the #is no longerin s’, s’ is not in the right form to be in A.

Case 3: Both the v and y substrings are in the substring after the #. Consider i = 0. Consider s’ = uv®xy°z.
Since |vy| >0, at least one character is removed from the substring after the # character. Because the
substring w before the # in s’ is longer than the substring t after the # in s’, w cannot be a substring of t.
Therefore, s’ is not in A.

Case 4: The non-empty v part is b" for 1 <= n <= p-2 in the segment of b’s prior to the # and the non-
empty y part is a“ for 1 <= k <= p-2 in the segment of a’s after the #. Note that if v is empty, then use
case 1. If y is empty, then use case 3. Consider i = 0. Consider s’ = uv®xy°z. Then, at least one b prior to
the # is removed from s and at least one a after the # is removed from s. Because at least one a is
removed after the #, the number of a’s before the # is bigger than the number of a’s after the #ins’. It is
not in the form w#t where w is a substring of t. Therefore, s’ is not in A.
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We have considered all possible decompositions of s into uvxyz such that |vxy| <= p and |vy| > 0. For
each decomposition, we have found a pumping value i, that when the string s is pumped, it is not a
member of A. Therefore, the pumping lemma fails to hold. We have a contradiction. Hence, the
language A is not context free.
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Activity 12: Proving Non-CFL using Pumping Lemma

Complete proofs to show that the following languages are NOT context-free:

B ={a"b>"c* | n >=0}
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Activity 12 continued

C={w | w contains an equal number of a’s and b’s and an equal number of ¢’s and d’s}
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Summary (Context Free Languages)

CFLs are closed under union, concatenation, and *.
Not closed under complement and intersection.

Can you name a CFL that is not closed under complement?

Can you name two CFLs that are not closed under intersection?

CFLs can be expressed using a grammar (CFG) or by a pushdown automata (PDA).
We showed earlier how to convert CFG -> PDA.
We showed earlier how to convert PDA -> CFG.

Regular

Non Context Free

Context Free
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CS357 Review Sheet — Midterm Exam #2

You may use 1 crib sheet as notes during the exam. All other resources are off limits — you are on your
honor to follow these exam rules.

Content: Exam 2 will primarily cover sections 1.4 through 2.3 of the textbook. Material will be drawn
from homework assignments, lectures, and the textbook. Note: you should still know the content from
chapters 0.1 through 1.3, as it forms the foundation for the topics most recently covered. However, the
exam will focus on topics covered since the first exam.

Procedure: The exam will start promptly at the start of class. Please arrive on time. You may use one

sheet of 8.5” x 11” paper (both sides) during the exam. Please prepare your own notesheet; you may
type or handwrite your notesheet. Other than your sheet of notes, the exam is closed-book, closed-

calculator, closed-computer other than the moodle links for the problems and solution uploads, and

closed-notes.

Topics: This study guide is not a contract — in other words, the exam may not cover every topic listed
below and there may be topics that we covered in class that are not explicitly listed.

e Programming regular expressions
e Nonregular Languages
o Prove using the Pumping Lemma, proof by contradiction
o Prove via closure properties (union, concat, star, intersect, complement) and proof by
contradiction
e Context-Free Languages (CFLs)
o Grammars (CFG)
= Given a grammar, generate the language and generate strings in the language
e Generate parse tree for a string
= Given a language, generate a grammar for it
= Determine if a grammar is ambiguous
= Converting a DFA to a grammar (shows that all regular languages are CFLs)
=  Converting a grammar to Chomsky Normal Form (CNF)
o Pushdown Automata (PDA)
=  Formal definition
= Given a language, generate a PDA to recognize the language
= Given a PDA, describe the language it recognizes
= Equivalence with CFGs (CFG->PDA, PDA->CFG conversions)
o Proving closure properties (union, concatenation, star, etc. by modifying grammars or
modifying PDAs)
e Non-Context-Free Languages (if we get through material)
o Proving using the Pumping Lemma, proof by contradiction
o Proving via closure properties (union, concat, *) and proof by contradiction
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PREVIOUS TOPICS — EXAM 1

e Discrete Math Review
o Sets
Tuples
Functions and Relations
Graphs
Strings and Languages
Boolean Logic
Proofs
= Direct
= |ndirect
= Contradiction
®= |nduction
= Construction
e Regular Languages (those that can be recognized by DFAs, NFAs, or written as regular
expressions)
e DFAs
o Given a language, construct the DFA
o Given a DFA, state the language it recognizes
o Formal definition as a tuple
e Union, Concatenation, *
o Closure of regular languages under union, concatenation, and * (know the proofs)
e Closure of regular languages under other operations such as reverse and shuffle
e NFAs
o Given a language, construct the NFA
o Given an NFA, state the language it recognizes
o Converting NFAs to DFAs
o Formal definition as a tuple
e Regular Expressions
o Given aregular expression, state its language
o Given alanguage, create a regular expression
o Converting regular expressions to NFAs
o Converting DFAs to regular expressions

0O O O O O O
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Introduction to Turing Machines

infinite tape (starts with input string)

*

Rules about Turing machines:
1. Tape can be read and written
2. Head can move left and right (so input can be read more than once)
3. Tape is infinite in both directions
4. Accept and reject states take effect immediately (don’t need to finish reading entire input string
as with DFAs, NFAs, and PDAs)

Example:
A ={wi#tw | wis over {0,1}*}

Let’s see what the machine looks like as a state machine:

What do transitions mean now?

1->x,R Read a 1, replace it with x, and move head right
1,0->L Read a 1 or 0, do not change it, and move head left
x ->R Read x, do not change it, and move head right
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Formal description:

Q={q1, 92, 93, 94, g5, g6, q7, g8, q_accept, q_reject}

>={0,1, #}

r={0,1, #x, _}

6 (see above)

gl is start state

g_accept

g_reject (implicit arrows — go here if no transition is present in picture)

English description of TM M1 to accept language A:

M1:
On input w:
1. Zigzag across the #, matching symbol for symbol. If the symbols across the # match, cross them
out. If they do not match or there are no non-crossed-out symbols on the right to match, reject.
2. Once all symbols are crossed out before the #, check for any non-crossed symbols on the right
side of #. If there is a non-crossed out symbol on the right, then reject. If all symbols are crossed
out, accept.

The start configuration always starts with g0 followed by the string

An accepting configuration is one that contains the state q_accept

A rejecting configuration is one that contains the state a_reject

A halting configuration is either an accepting configuration or a rejecting configuration.

If M is a Turing machine, L(M) is the language that M recognizes/accepts.

Defn: A language is Turing-recognizable if some Turing machine recognizes it. (If string is in the language,

the TM will accept it. If the string is not in the language, the TM may reject or may not halt.)
Note that now that a TM can move left and right, we could get stuck in an infinite loop. So, the
machine can now accept, reject, or loop. If the machine always halts by accepting or rejecting every

string, then we say a TM decides the language.

Defn: A language is Turing-decidable if some Turing machine decides it (for all input, the machine

accepts or rejects).
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Put the labels for language classes here:
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TM Example 1: a"*1b"

Try creating a TM for this language and then watch the video.

Note: this language is a CFL, so a PDA can be made for it, but you should create a TM for it.
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TM Example 2: a2 b™! c"

This one will be completed via a TM description (like an algorithm) for how the TM moves based on
what it reads.

Hint: TM can read and overwrite characters.
Hint: TM can move left or right.

Try to create the description and then watch the video.
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Variants of Turing Machines
Let’s look at variants of TMs that are equivalent with the model (Turing-equivalent).

A. Stay Put
a. Allow head to stay put in addition to moving left or right.

How is it equivalent to a regular TM? Must show a regular TM can be converted to a Stay Put TM and a
Stay Put TM can be converted to a regular TM.

B. Multitape

This machine has access to a finite # of tapes and has heads pointing to each of the k tapes.

How is it equivalent?

105



C. Nondeterministic

A ND TM can be in more than one state. So, now the machine can be in the power set of states. Plus, if
any branch accepts, the string is accepted.

Why do we have different models of TMs?

1. It's like programming languages. Some suit solving particular problems more easily.

Now, we can state:
1. Alanguage is Turing-recognizable if and only if some ND TM recognizes it. (or multi-tape or stay-
put)
2. Alanguage is Turing-decidable if and only if some ND TM decides it.

A TM really defines what we can accomplish with an algorithm.
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A computer’s instruction set, a programming language, or an automaton is considered Turing-complete
is it can be used to simulate any single-tape Turing Machine. Most programming languages are Turing-
complete.

For example, if an algorithm can be coded in LISP, it can be coded in C, or Java, or Smalltalk, or R, or
Prolog, etc.

We’'ll see later in the course that we can convert a TM to Boolean logic, which forms the basis of the
architecture of many computer systems.

Another model of computation that is equivalent to Turing Machines is lambda calculus (untyped),

developed by Alonzo Church. Lambda calculus defines operations as functions and functions can be
applied to arguments, much like in LISP or scheme.
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Activity 13: Practice Problems with Turing Machines
Complete the following TMs.

1. Draw the state diagram of the Turing Machine for the following language:

A={a"b"c" | n>=0}

2. Complete the implementation-level (English description) for Turing Machines for the following
languages. Start with the language that Tammy assigns to your group.

B = {w | w contains an equal number of a’s and b’s} Y ={a, b}

C={a>"" | n>=0} //power of 2 number of a’s I = {a}
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Activity 13 continued

D = {#ixuthxofxsiixa#.. x| xiis {a,b}* and x; does not equal x;} Z={a, b, #}

E={ablc‘ | ixj=k, wherei,jk>=1} 2={a, b, c}

These languages show that a TM can compute in the following ways:

A: perform equality testing of 3 unary numbers
B: perform equality testing of 2 unary numbers
C: check that a unary number is a power of two
D: check all pairs of items for uniqueness

E: perform multiplication with unary numbers

So, a TM really is an abstract model of a computer.
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Examples of decidable languages (and their proofs)

Languages included below: A_DFA, A_NFA, E_DFA, EQ_DFA, A_CFG, E_CFG

A = {<G> | Gis a connected undirected graph}

Notation: <G> means the graph encoded as a string. For <G>, this is a 2-tuple with a list of vertices
followed by a list of edges. Example encoding: ({a, b, c, d}, {{a, b}, {b, ¢}, {c, a}, {b, d}})

How to build TM M?

M: On input <G>, the encoded graph of G:
1. Checkthat G is in appropriate form. If not, reject.
2. Mark first node of G.
3. Repeat until no new nodes are marked:
a. Foreach nodein G, mark it if it is attached by an edge to an already marked node
4. Scan nodes of G. If all nodes in G are marked, accept. Otherwise, reject.
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Apra = {<D, w> | D is a DFA that accepts w}

M: On input <D, w>:
1. Checkthat D is in proper format. If not, reject.
2. Simulate D on w (see below).
3. If D endsin an accept state, accept. If D ends in non-accepting state, reject.

How does TM do the simulation?

Well, Dis (Q, Z, §, g0, F). Keep track of B’s current state along with input w on the end of the
tape. Read current input symbol and current state and then find the corresponding transition in
the & list. Update the current state by overwriting the state on the tape and cross out the
symbol from w that was just read. Keep doing this until all symbols in w are crossed off. Check
the current state. If the current state is in the F list, accept. Otherwise, reject.

Apra is a decidable language.
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Anra = {<N, w> | N is an NFA that accepts w}

M: On input <N, w>:
1. Checkthat N is in proper form. If not, reject.
2. Convert N into equivalent DFA D using technique to convert NFA to DFA (create sets
representing power set of states in N).
3. Run TM M’ for Apra on <D, w>. //use of subroutine
4. If M’ accepts, accept. Otherwise, reject.
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Eora = {<D> | D is a DFA and L(D) is empty}

Use DFA description and see if there is a series of transitions from the start state to an accept state.

M: On input <D>:

Check that D is in proper form. If not, reject.

Check set F of D. If F is empty, accept. //this means there are no accept states in D
Mark start state

Repeat until no new states are marked:

P wnN e

a. Mark any state that has transition into it that is not already marked.
5. If no accept state is marked, accept. Otherwise, reject.
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EQora = {<A, B> | A and B are DFAs and L(A) = L(B)}

Show that EQpra is decidable.

How? Let’s look at the Venn Diagram for L(A) and L(B).

The xxxxxx part is empty if L(A) = L(B). So the idea is to build a machine to see if L(C) is empty where L(C)
is defined as:

L(C) = (L(A) intersect L(B) complement) union (L(A) complement intersect L(B))

We know how to create a DFA to accept complement (reverse accept and reject states for DFA).
We know how to create a DFA to accept intersection (create pairs of states).
We know how to create a DFA to accept union (create pairs of states).

Now we can create a TM to decide EQpfa:

M: On input <A, B>:

1. Check that A and B are proper DFAs. If not, reject.
Construct Bc to accept L(B) complement.
Construct Ac to accept L(A) complement.
Construct D to accept L(A) intersect L(B) complement.
Construct E to accept L(A) complement intersect L(B).
Construct F to accept L(D) union L(E).
Run TM M’ to decide Epga On <F>.
If M” accepts, accept. If M’ rejects, reject.

O N A WwWN

Now, we know we can write a program to know if two DFAs are equivalent.
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Acre = {<G, w> | Gis a CFG and G generates w}
First, why is this language important to computer scientists?

Idea: could try all derivations of G, but could go on infinitely with recursive rule substitutions. So, this
may never halt and won’t decide Acec.

Need more help: convert G to CNF. In CNF, a string of length >= 1 will take exactly 2|w|-1 steps to
derive it.

Aside: Proof that given a grammar G in CNF, the string w with length >= 1 will take exactly 2|w|-
1 steps to derive.

Proof: Consider w where |w| = n and w is generated by G. Each rule in G with the form A -> BC
increases the length of the string by 1. So, there are n-1 steps to generate n variables. Each
variable will then go to a terminal with a rule V -> a, so there are n steps for these substitutions.
In total, 2n-1 steps are required.

Now, back to Acre.

M: On input <G, w>:
1. Check that G and w are in proper form. If not, reject.
2. Convert G to CNF. Let the new grammar in CNF be G’.
3. List all derivations with 2n-1 steps from grammar G’ where n = |w|}. If nis 0, list all derivations
of one step.

4. |If any derivation generates w, accept. Otherwise, reject.
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Ecre = {<G> | G is a CFG and L(G) is empty}
Can we try every string?

Idea: can’t just try every string (infinite # to try). Instead, use grammar to see if any path from terminals
back to start rule exist.

TM: On input <G>:
1. Checkthat Gis in proper form. If not, reject.
2. Mark all terminal symbols in R of G.
3. Repeat until no new variables are marked:
a. Mark any variable A where G has the rule A -> M1M;Mjs... My where every M has already
been marked.
4. |If the start variable is not marked, accept. Otherwise, reject.
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Theorem: Every CFL is decidable.

Proof: Let A be a CFL. We need to show that we can build a TM M that decides strings in A. Let w be a
string that is input to the TM M and let G be the CFG for A.

Here is TM M to decide A:
On input w:
1. RunTM M’ for Acrs on <G, w>.
2. If M’ accepts, accept. Otherwise, reject.

Now, what do we know about language classes? Draw the circles.
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Decidable Proof Examples

Try to complete these proofs and then watch the videos. Remember, you can use already proven
decidable languages’ TMs as subroutines.

1. Show Aecr = {<G> | G is a CFG that generates £} is decidable.

2. Show A = {<D> | D is a DFA which accepts at least one string with an even number of b’s.} is decidable.

3. Show A = {<P> | P is a PDA that accepts no strings of even length}
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Activity 14: Proving Languages are Decidable
Show the following languages are decidable (i.e. you can build a TM that decides the language). In all
machines below, the alphabet is {a,b}*.

You might find the following decidable languages useful as subroutines in solving these problems:

®  Apra, Anra, Eora, EQora, Acrs, Ecra

A ={<D> | Dis a DFA which does not accept any string with an odd nhumber of a’s.}

B = {<R,S> | Rand S are regular expressions and L(R) is a subset of L(S).}

C={<G> | Gis a CFG that generates some string in a*.}
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Activity 14 continued

D ={<D> | D is a DFA that accepts some string with an equal nhumber of a’s and b’s.}

E ={<D> | Dis a DFA and L(D) is an infinite language}
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Theorem: Decidable languages are closed under union.

Proof: Let A and B be decidable languages with always-halting TMs C and D, respectively. Create a two-
tape TM E for the union of A and B as follows.

On input w:
1. Copy w to the second tape.
2. Run TM C on the first tape. If C accepts, accept. If C rejects, go to step 3.
3. Run TM D on the second tape. If D rejects, reject. If D accepts, accept.

We have created a two-tape TM E that decides the union of two decidable languages, so
decidable languages are closed under union. Recall that multi-tape TMs are equivalent to single-tape
TMs, so the two-tape TM E shows that the union of A and B is decidable.

How could you modify the proof to show decidable languages are closed under intersection?
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Can you create a TM to decide the following language?

F = {<M, w> | M is a Turing Machine that accepts w}

What would the decider for F need to do?

Is F Turing-recognizable?

Is F Turing-decidable?
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Arwm is undecidable

A = {<M, w> | M is a Turing Machine and M accepts w}

Proof that Arw is undecidable: (by contradiction)
Assume Ay is decidable. Then there exists a TM called H that decides Amw.

H:
M
—>
M accept true
w — > accept
—> ?
false

reject

Note that if M accepts w, H accepts. If M rejects w, H rejects. If M loops on w, H rejects.

We’'ll create a machine D that uses H as a subroutine and reverses H’s output:

Poes H accept true

M, <M>>?

|, Reject (when M accepts <M>)

Accept (when M rejects <M>)

Note that M is the machine H is using to simulate to see if M accepts its own string representation. This
is similar to a C compiler taking in the code for the C compiler.

Well, we just created a TM D, so let’s see what happens when we run D on input <D>:
D:

reject
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Is this possible? no (to have a machine that rejects <D> when it accepts <D> and accepts <D> when it
rejects <D>)
Alternate proof:

Another way to look at Amy being undecidable. Instead of having H determine accept or reject, the TM
will output “halt” or “loop”. So, H’ will detect if the machine M will halt on input w or loop on input w.

Construct H’

H’:
M
—>
M accept trug
w — 71— halt
—> ?
false
Loop
forever

Now, construct D’ that uses H’:

D’:

H’ true
DoesH |  loop

halt?

|
l false

halt
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Run D’ on D’:
D’

D’ loops forever when D’ halts
— D’ halts when D’ loops forever

(impossible)
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Notes about Turing-recognizable

Theorem: A language A is decidable if and only if A is Turing-recognizable and
the complement of A is Turing-recognizable.

Proof:
-> Assume A is decidable. Then a TM that decides A will halt on all input. So Aiis TR and A
complement is TR.
<- Assume A is TR and the complement of A is TR. Let M; recognize A and M, recognize A
complement. Construct M as follows:
On input w:
1. Run Mj;on w on one tape.
2. Run M;on w on a second tape, alternating between running M; and running M.
3. If My accepts, accept. If M accepts, reject.

M decides A since every string is in A or A complement.

Definition: A is co-Turing-recognizable if the complement of A is Turing-recognizable.

Theorem: The complement of Arw is not Turing-recognizable.
Proof: Clearly, Arm is Turing-recognizable by simulating M on w. Assume A is co-Turing-recognizable.
Then by the theorem above, Ay is decidable. But we showed last time that Arv is undecidable, so the

complement Amv is not Turing-recognizable.

Now, let’s look at our circles again:

decidable
Abra

recognizable
ATM

unrecognizable

complement of Amm
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Reductions (proving languages are undecidable)

What is a reduction?
Using a solution to solve a different problem (think functions or sub-routines in programming)

Example: If you already know how to calculate the area of a rectangle rect_area(x,y), then you
can create a function called square_area(x) that uses rect_area(x,x) as a subroutine.

Reductions will be our way to show a language is undecidable. There is no pumping lemma for showing

languages are not decidable.

Theorem: If A a B (A reduces to B) and B is decidable, then A must be decidable. (exactly what we were

doing with decidable problems before)

Proof: Assume A reduces to B and B is decidable. To construct TM for A:

On input w:
1. Reduce win Atow’ in B. (mapping w to w’)
2. RunTM M for Bon w’. If M accepts w’, accept. If not, reject.

Corollary: (contrapositive statement) If A is undecidable and A reduces to B, then B is undecidable.

Game:
Given: a language B and want to show B is undecidable (proof by contradiction)

1. Assume B is decidable.
2. Choose another language A that is already proven to be undecidable.

3. Show A reduces to B.
4. Conclude B is undecidable (since A is undecidable and A reduces to B)
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Haltrm is undecidable

HALTv = {<M, w> | M is a TM and M halts on w}
Show HALTmw is undecidable.

Proof: Assume HALTw is decidable by a Turing Machine R. Consider the undecidable language A and
construct TM S that decides Arv by reducing Arv to HALTm.

S: On input <M, w>:
1. RunRon<M, w>
2. If Rrejects, reject.
3. If R accepts, simulate M on w until it halts. If M accepts, accept. If not, reject.

Thus, if R decides HALTtv then S decides Atm. We know Ary is undecidable, so we have a contradiction.
HALTtm must be undecidable.

Picture version (remember, a picture is not a formal proof but this really helps to understand what is

happening)
S:
M
w R true | simulate M true
> accepts? onw —»< accepts? L
accept
false al
alse
reject

Code-like version:

Create function F that returns one of two values {accept, reject}, similar to a Boolean function.

Parameters: M, a Turing Machine written in formal description; w, a string of characters
F (<M, w>):
result halt = R(<M, w>) // R is a function that determines if M halts on w
if (result halt == reject)
return reject
else
result sim = M(w) // simulate M on w, given description of M
// at this point, we know M halts on w since
// result halt is accept; we know the simulation
// will halt
return result sim // just return what simulating M on w returns
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Since we created a function F that decides A_TM, we have a contraction with the fact that A_TM was
already proven to be undecidable. Since the condition embedded inside function F is decidable and
running M on w is executable on a TM, the only piece of the function that remains that must be
undecidable is calling and running function R. Function R, therefore, cannot always return the value
accept or reject. Since function R determines if M halts on w, the language HALT_TM is undecidable.
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Erm is undecidable

Erm = {<M> | M is a TM and L(M) is empty}

Game:
1. Assume Emv is decidable.
2. Show A or HALTw reduces to Erm.
3. Conclude Erv is undecidable.
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Run machine for Erm R on <M> and see if it accepts. If so, we know L(M) is empty and <M,w> is not in
Arv. But what if Erm rejects? That does not tell us anything about <M, w> being in Arm. Need to build
helper machine that only runs M on w if the input is equal to w.

Proof: Assume Emv is decidable by TM R.
Build a helper machine Mi:

Ms: On input x:
1. If x does not equal w, reject.
2. Ifxequals w, run M on w and accept if M accepts.

Note that M is buildable since we just add TM states and transitions to check if the input on the tape is
equal to w. If it is, then we simulate M on w.

Build S to decide Amv as follows:
On input <M, w>:
1. Use M and w to construct M.
2. Run TM R for Erm on <M1>.
3. If R accepts, reject. If R rejects, accept.

S:
M
Build M; given
w Mi| R true )
» Mandw > L 5 ——» reject
false
accept

Thus, if R decides Etm then S decides Atm. We know Atv is undecidable, so we have a contradiction. Erm
must be undecidable.
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Code-like version:
Create returns a function (higher-order function) with parameter x
Parameters: M, a Turing Machine description; w, a string

Create (<M, w>):
Return function (x) :

if(x == w)
ret = M(w) // run M on w
if (ret == accept)
accept //note we do not have cases for reject or loop
else

return reject

Create function F that returns one of two values {accept, reject}, similar to a Boolean function.
Parameters: M, a Turing Machine written in formal description; w, a string of characters

F (<M, w>):
M1 = Create (M, w)
ret = R(M1) // R is a function that determines if language of M1
// is empty or not
if (ret == accept)
reject // reverse the output of ret; if R accepts, that means
else // the language is empty so M does not accept w
accept // if R rejects, the language of Ml is non-empty,

// so M must accept w
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Examples of Reductions to Prove Undecidability

1. Show EQqw is undecidable.
EQmm = {<M3, M2>> | My and M3 are TMs and L(M1) = L(M,)}

Idea: assume EQqv is decidable. Reduce Etmto EQrwm.

Proof: Assume EQuv is decidable by TM T. Construct E to decide Eru as follows:

On input <M>:
1. Construct machine Mg that rejects all strings.
2. RunToninput <Mg, M>.
3. If T accepts, accept. If not, reject.

E:
Build Mg that
. ) Mg| T true
rejects all strings > L 5. — > accept
M
M
> false
reject

Thus, if T decides EQmv then E decides Erm. We know Ery is undecidable, so we have a contradiction.
EQrv must be undecidable.

At this point, we have shown that there are 4 undecidable languages:

Arv, HALTv, Erm, EQrm  [Any of these can be used as the language A for reductions A a B]

If it is not immediately obvious how one of the above languages can assist with a reduction, choose Amw.
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2. Show REGULAR\ is undecidable.
REGULARm = {<M> | M is a TM and L(M) is a regular language}

Idea: Assume REGULARm\ is decidable and construct a decider for Ary. We want to create a helper TM M’
such that M’ accepts a regular language if M accepts w and M’ does not accept a reqular language if M
does not accept w.

So, we'll rig the machine so: L(M’) = a"b" if M does not accept w
L(M’) = 3* if M accepts w

Proof: Assume REGULARmv is decidable by a TM Y. Construct S to decide Amu as follows:

On input <M, w>:
1. Construct TM M’ where M’ is the following:
a. Oninputx:
i. If x has the form a"b", accept.
ii. Ifnot, run M on w. If M enters its accept state, accept.
2. RunYon<M’>.
3. IfY accepts, accept. If Y rejects, reject.

A 4

Construct M’ M’ Y

.| givenMandw

—> —T—» accept

F
l reject

So, we have a decider S for Atm. But Arv is undecidable, so a decider Y for REGULARTv must not exist.
Therefore, REGULARmy is undecidable.
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3. Show B is undecidable.
B = {<M, w> | M is a two-tape TM which writes a nonblank symbol on its second tape when M runs on
w}

Idea: Assume B is decidable and construct a decider for Ary. We want to create a helper TM T such that T
writes a S on the second tape if M accepts w and T does not write a S on the second tape if M does not
accept w.

Proof: Assume B is decidable by TM R. We'll construct TM S to decide Arw:

S: On input <M, w>
1. Use M to construct a two-tape TM T where T is:
a. Oninputx:
i. Simulate M on x with first tape. If M enters accept state, write a $ on the second
tape.
2. RunRon<T, w>. (Note that x is assigned w as its argument to the TM)
If R accepts, accept. If not, reject.

S:

A 4

Construct T given T R T

M
w —> —1——» accept

A 4

F

l reject

We have built a decider S for A, but Arwv is undecidable. Thus, there is no decider R for language B, so B
is undecidable.
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Activity 15: Prove Languages are Undecidable
Hint: reduce from A_TM <M, w> for these problems

INFINITErm = {<M’> | M’ isa TM and L(M’) is infinite}
Hint: rig M’ so that M’ has a finite language if M (of A_TM) does not accept w (of A_TM) and accepts an
infinite language if M accepts w.

REVERSE = {<M’> | M’ is a TM that accepts the reverse of w whenever it accepts w}
Hint: rig M’ so that M’ accepts ‘ab’ and ‘ba’ if M (of A_TM) accepts w (of A_TM) and M’ accepts only ‘ab’
if M does not accept w.
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Activity 15 continued

WRITE_BLANK = {<M’> | M’ is a TM that writes a blank symbol over a nonblank symbol during the

course of its computation on any input string}
Hint: rig M’ so that it only writes a blank over a non-blank if M (of A_TM) accepts w and M’ does not

write a blank over a non-blank if M does not accept w.
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Rice’s Theorem

Rice’s Theorem: Let P be a language consisting of TM descriptions where P fulfills two conditions:
1. Pis non-trivial (P contains some but not all TM descriptions)
2. Pisaproperty of the TM’s language (when L(M1) = L(M2) then <M1> is in P if and only if <M2>
isinP.)
Then P is undecidable.

Proof Idea: Assume P is decidable. Show Amv reduces to P, so P must then be undecidable.

Proof: Assume P is decidable by TM D. Assume P is non-trivial, so there is some TM <T> in P. Let <Tg> be
a TM that always rejects. Either <Tg> is in P or <Tg> is not in P. Without loss of generality, assume <Tg> is
not in P. (If <Tg>is in P, then it is not in the complement of P and we use the decider for P complement
instead.)

<Tr>is not in P. We'll build S to decide Arv as follows:

S:
On input <M, w>:
1. Use M and w to construct machine M’:
a. M’:Oninputx:
i. Simulate M on w. If it halts and rejects, reject. If it accepts, simulate Ton x. If T
accepts x, accept.
b. Run D on <M’>to determine if <M’> is in P. If D accepts, accept. If not, reject.

A 4

Construct M’ M’ D o
given M, w,and T

> —> —T > accept

l reject

T
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M’ simulates exactly what T does if M accepts w. Thus, L(M’) = L(T) if M accepts w and L(M’) = ¢ = L(Tg) if
M does not accept w. <T>is in P and <Tg> is not in P. Thus, <T>is in P if and only if M accepts w. So, we
have a decider S for Arm which contradicts the fact that Arv is undecidable. Thus, P is undecidable.
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Example 1 using Rice’s Theorem

INFINITErm = {<M> | M is a TM and L(M) is infinite}. Prove this is undecidable.

Proof: Use Rice’s Theorem. (Just need to show the two conditions hold)

Condition 1: INFINITErwm is non-trivial since some TMs have infinite languages and some do not. For
example, a TM that accepts all strings has an infinite language. A TM that accepts just the string “a”
accepts a finite language and would not be in INFINITEmw.

Condition 2: If two TMs M1 and M2 recognize the same language, then either both M1 and M2 accept
an infinite language and so both are in INFINITErm or M1 and M2 accept a finite language, so neither are

in INFINITErm.

By Rice’s Theorem, INFINITEw is undecidable.
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Example 2 using Rice’s Theorem
L={<M> | Mis a TM and L(M) contains exactly two distinct strings}.
Show this is undecidable using Rice’s Theorem. Try it and watch the video.

Hint: you need to show both conditions hold.
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Activity 16: Practice with Rice’s Theorem
Use Rice’s Theorem to show the following languages are undecidable:

REGULARm = {<M> | M is a TM and L(M) is regular}.

Mio11 = {<KM> | M is a TM and 1011 is in L(M)}
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Activity 16 continued
Questions:
A ={<M> | M does four consecutive right transitions on some input}

// can you use Rice’s Theorem?

B = {<M> | L(M) contains more than 100 strings}
// can you use Rice’s Theorem?

C={<M, w> | M writes a S on the tape when M is run on w}
// can you use Rice’s Theorem?
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AlLcrg is undecidable

Problem: AlLcr = {<G> | Gis a CFG and L(G) = 2*}

Proof Sketch:

We will reduce Amm to AlLcrs. So, we’ll construct a grammar G such that G generates all strings if and only
if M does not accept w. The strings that will be generated by G are configurations of the TM M on w
used as input to Amw.

example configuration string: #ci#c #f ... c #
where c; is the ith step of M on w.

Proof: Assume AlLcr is decidable by Turing Machine A. We will reduce A to AlLLces by creating a
decider for Aru that uses the decider A.

We need to create a grammar G given <M, w>. We want G to generate all invalid series of
configurations given <M, w>. So what would G do?

G generates:
1. Strings that do not start with #c; // All valid configs must start with initial config
2. Strings that do not end with accepting configuration
// We’ll modify M to read to the right before accepting
3. Strings where ¢; does not yield ci.1 given machine M and w // Invalid transition

Instead of generating G directly, it is easier to generate a nondeterministic PDA with structure as
follows.

Does w start with #c, where c; is the
initial configuration of M on w?
If no, accept.

Does w end with Qaccept#?
If no, accept.

Nondeterministically, choose a c; to
check. Does ¢ yield ci.1?
If no, accept.
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The first two branches are easy to write (simple check that a DFA could do). The third branch is a bit
more tricky.

How can we see if ¢ yields c141?

We need to push symbols of ¢, onto stack and then pop symbols one at a time to see if the configuration
ci+1 is not valid. But, when popping the symbols, ¢; will be in the reverse order. Therefore, we modify the
configuration strings to be as follows:

#Hofto M Hesc L ot // note cx will be ¢} if there is an even number of configurations
So, we now have a PDA P that can be converted to a CFG (using procedure shown in lecture).

Description of TM S:
On input <M, w>:
1. Construct PDA P given above.
2. Convert P into equivalent CFG G.
3. Run Aon<G>. If A accepts, reject. If A rejects, accept (since the only string not generated by G
would be the accepting configuration).

\ 4

Construct PDA P P ConvertP [ G | A T
w | givenMand w » toCFGG > —> —>

reject

|

!

accept

We have built a decider for Arm, but Arv is undecidable, so ALLcre must be undecidable.
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Activity 17: Practice with choosing if a language is decidable or undecidable

For each language below, determine if it is decidable or decidable. Hints: can you build a TM that
accepts or rejects on all strings? Can you use Rice’s Theorem? Can you reduce from Am?

Decidable or undecidable?
A={<M> | MisaTM and L(M) is all strings that have ‘bbb’ as a substring}

B = {<M> | M is a TM that has 50 states}

C={<M1, M2> | M1 and M2 are TMs and L(M1) == L(M2)}

D ={<D1, D2> | D1 and D2 are DFAs and L(D1) == L(D2)}

E ={<G, w> | Gis a grammar that generates w}

F={<M, w> | Mis a TM that accepts w}

G = {<G> | G is a grammar that generates no strings}

H = {<G> | G is a grammar that generates all strings}

| = {<G> | Gis a grammar that generates at least one string that has ‘bbb’ as a substring}
J={<M, w> | M is a TM that writes # over a S when M runs on w}

Prove the following language is undecidable:

EQcrc = {<G1, G2> | G1 and G2 are grammars and L(G1) == L(G2)}
Hint: Reduce from AlLcre.
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Summary (Decidable and Undecidable)
Decidable Languages are decided by Turing Machines — TM halts on all input.

Recognizable Languages can be recognized by a TM (always accepts strings in the language, but may not
halt on strings not in the language)

Undecidable Languages cannot be decided by a TM (TM does not halt on all possible input).

To prove a language is decidable: build a TM (state machine or English description)
To prove a language is undecidable:

1. Create a reduction proof (proof by contraction)
2. Use Rice’s Theorem (if P is a non-trivial property about the language of the TM)

Sets of languages:

Regular languages are CFLs.

CFLs are decidable.

Decidable languages are recognizable.

Name languages that are decidable:

Name languages that are undecidable:
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CS357 Review Sheet — Midterm Exam #3

You may use 1 crib sheet as notes during the exam. All other resources are off limits — you are on your
honor to follow these exam rules.

Content: Exam 3 will primarily cover sections 2.3 through 5.1 of the textbook. Material will be drawn
from homework assignments, lectures, and the textbook. Note: you should still know the content from
chapters 0.1 through 2, as it forms the foundation for the topics most recently covered. However, the
exam will focus on topics covered since exam 2.

Procedure: The exam will start promptly at the start of class. Please arrive on time. You may use one
sheet of 8.5” x 11” paper (both sides) during the exam. Please prepare your own notesheet; you may
type or handwrite your notesheet. Other than your sheet of notes, the exam is closed-book, closed-
calculator, closed-computer other than the moodle links to the problems and solution submissions, and
closed-notes. All numerical computations (if any) will be simple enough for you to do by hand.

Topics: This study guide is not a contract — in other words, the exam may not cover every topic listed
below and there may be topics that we covered in class that are not explicitly listed.

e Proving a language is not context free (pumping lemma)
e Turing Machines
o Configurations
o Formal definition
o Creating a state machine
o Equivalent models: nondeterministic, multi-tape, stay put/left/right movements
= To show equivalence: need to convert the model to a regular TM, need to
convert a regular TM to the model
o Turing-recognizable (accepts strings in language but may not halt on all input)
o Turing-decidable (always halts)
e Decidable Languages
o Toshow Ais decidable, construct a TM for A that always halts.
o If Ais a decidable language, then A is Turing-recognizable and the complement of A is
Turing-recognizable (also called co-Turing-recognizable).
o Examples of decidable languages with regular languages: Apra, Anea, Arex, Epra, EQora,
INFINITEpra
o Examples with CFLs: Acg, Ecre
o Examples from homework: Epea_recex , ALLpea , INFINITEppa
= A={<R>| Ris aregular expression describing a language containing at least one
string w that has 111 as a substring.}
= B ={<P>| PisaPDA that has a useless state.}
o Closure: decidable languages are closed under concatenation, complement, union,
intersection
e Anv and the Halting Problem
o Amis undecidable
o A is Turing-recognizable
o complement of Ay is not Turing-recognizable
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o HALTm is undecidable
e Undecidable Languages
o Proof by contradiction (using a reduction from language A to language B)
o Examples of undecidable languages:
= Ay, HALT7m, Etm, EQrm, REGULARM, ALLcrs
o Rice’s Theorem
= Example: INFINITEmm is undecidable
=  Example: {<M> | Misa TM and 1011 is in L(M)} is undecidable
O ALLCFG

PREVIOUS TOPICS — EXAM 2

e  Programming regular expressions
. Nonregular Languages
o  Prove using the Pumping Lemma, proof by contradiction
o  Prove via closure properties (union, concat, star, intersect, complement) and proof by contradiction
e  Context-Free Languages (CFLs)
o  Grammars (CFG)
=  Given a grammar, generate the language and generate strings in the language
e  Generate parse tree for a string
= Given alanguage, generate a grammar for it
=  Determine if a grammar is ambiguous
= Converting a DFA to a grammar (shows that all regular languages are CFLs)
=  Converting a grammar to Chomsky Normal Form (CNF)
o  Pushdown Automata (PDA)
" Formal definition
=  Given alanguage, generate a PDA to recognize the language
=  Given a PDA, describe the language it recognizes
=  Equivalence with CFGs (CFG->PDA, PDA->CFG conversions)
o  Proving closure properties (union, concatenation, star, etc. by modifying grammars or modifying PDAs)
° Non-Context-Free Languages
o  Proving using the Pumping Lemma, proof by contradiction
o  Proving via closure properties (union, concat, *) and proof by contradiction

PREVIOUS TOPICS — EXAM 1

e  Discrete Math Review
o Sets
Sequences (Tuples)
Functions and Relations
Graphs
Strings and Languages
Boolean Logic
Proofs
. Direct
= Indirect
=  Contradiction
=  Induction
. Construction
e  Regular Languages (those that can be recognized by DFAs, NFAs, or written as regular expressions)
o DFAs
o  Given a language, construct the DFA
o  Given a DFA, state the language it recognizes
o  Formal definition as a tuple
. Union, Concatenation, *
o  Closure of regular languages (know the proofs)
e  Closure of regular languages under other operations such as reverse and perfect shuffle

O O O O O O
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NFAs

O O O

o

Given a language, construct the NFA

Given an NFA, state the language it recognizes
Converting NFAs to DFAs

Formal definition as a tuple

Regular Expressions

o

O O O O

Given a regular expression, state its language
Given a language, create a regular expression
Converting regular expressions to NFAs
Converting DFAs to regular expressions
Converting DFAs to regular expressions
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Post’s Correspondence Problem

P={[t:/ bi], [t2/ b2], ... [tn / bn]} // set of tiles with a string on top and a string on bottom

PCP = {<P> | P is a set of tiles and there exists a match where the sequence of t's match the sequence of
b’s}

Activity 18: PCP Example

Find a match of these tiles. Note that a match does not need to use all tiles and each tile can be used
more than once in a match.

b a ca abc

ca ab a c

Find a match of these tiles:

abc a b o a
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Theorem: PCP is undecidable

Proof idea: Reduce from Amu. We'll use computational histories of M on w to construct dominos (similar
idea as AlLcrg). The match in the PCP problem will be precisely the series of configurations where M
accepts w.

M Construct Run decider
»| tiles using M »| for PCP T

W L 5 » accept
»| andw

l reject

The only difficult step is constructing the tiles given M and w. Instead of constructing tiles for PCP right
now, we’ll construct tiles for a simpler problem.

MPCP = modified PCP = {<P’> | P’ is an instance of PCP and the match starts with the first domino listed
inP’}

To create dominos for MPCP:

1. If w=¢, use _ instead of w as the input symbol.
2. Put [# / #gowiwows...wni#t] as the first tile [t1 / bs] in P’.
Note: This tile represents the starting configuration of M on w. Note that this tile alone could
not create a match since the top just has # and the bottom as at least #qow:#.
3. Create tiles to represent TM head motion to the right.
For everya, b e [and every g, r e Q where q != greject:
if 6(q, a) = (r, b, R) put [ga / br] into P’.

Note: This tile represents transitions in the form:

a->b,R
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4, Create tiles to simulate head motion to the left.
Foreverya, b, celand every q, r € Q where q != qreject:
If 8(q, a) = (r, b, L) put [cga / rcb] into P’ for every cin T

Note: This tile represents transitions in the form:

a->b,L

5. Create tiles to represent tape locations not adjacent to the head of the TM.
ForeveryaceTl, put[a/a]intoP’.

Note: This tile represents characters in strings away from the head of the TM.

6. Create tiles to mark separations between configurations.
Put [#/#] and [#/ _#] into P’ where _ represents blank tape cell.

Note: These tiles will delimit each configuration of M on w.

7. Create tiles to represent continuation of a match after M accepts w.
For every a € T, put [aqaccept / Qaccept] aNd [Cacceptd / Qaccept] into P’.

Note: These tiles represent continuing to move head to the right after accepting.

8. Create tiles to represent final accept state at the end of the configurations.
Put [qaccept## / #] into P’.

Note: This tile is the final tile of a match.

We now have tiles for the MPCP problem.
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Let’s look at an example of converting a TM M and string w to MPCP tiles.

Assume M is a TM for {0?"V | N >= 0}:

m 0->L x->L
x->R
__>|_ x->R

0->_R m 0->x R

> q
- 0->R l 0->x,R
X ->R
qaccept ‘

q reject

Let’s assume w = 00.

Following the construction in the proof:

2. # // start configuration
#q100#

3. // transitions to right
q:0 g2X g.0 gsX gs0 gi_ gix da_
_02 Xq2 Xqs XQgs3 OCM _OQreject XQreject _ Qaccept
Qax q40 Os_ Oa_
XQ4 A CE] -92 _OQreject
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// transitions to left

_0s_ XQs_ 0qs_
Os_ _ QsX_ qs0_
_as0 xqs0 0qs0
gs_0 gsx0 gs00
_QsX XQsX 0qgsx
Qs_ X QsXX qs0x
// tape symbols
0 X _
0 X _
// delimiters
# #
# #
// accepting continuations
OQaccept XQaccept _Qaccept qaccepto
Qaccept Qaccept accept Qaccept
// file tile in match
qaccept##
#

QacceptX

qaccept

accept__

Qaccept

So, what’s the match? We know M accepts w, so we should be able to find a match.

# g10 0 # 020 _ XQ3_
#0004 o 0 # X3 # (| _ QsX_

_0sX _ # Qs_ X # _ q2X —
gs_ X _ # _02 X # _ X02 _

— X z2_ # — _Qaccept # _ XQaccept
— X _CQaccept # — i accept # _ accept




_ Qaccept # qaccept##
accept # #

Back to proof:

To convert MPCP to PCP, we will put * markers on the tiles.

In MPCP, suppose the start tile is:

T
b1

Then, we’'ll create the following tile for PCP:

*tl

*bl*

In MPCP, for all other tiles besides the start tile:

t -> *ti
bk by *

Create end tile for match in PCP:

*S
S

Now, any match must start with *t, and end with *4
*bl* S

which is exactly the same match we have from MPCP, so the first tile in the match is still the start
configuration of M on w.
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M Construct Construct
> Run
7| tiles using M p tiles with * . T
w decider L 5 accept
» and w for for PCP for PCP
MPCP

F ‘
l reject

We have the full proof now. Assume there is a decider D for PCP. Reduce Arm to PCP by constructing tiles
for MPCP as above. Then convert the MPCP tiles to PCP tiles as above. If D accepts, the tiles form a

match, so M accepts w. If D rejects, the tiles do not form a match, so M does not accept w. We have a
contradiction, so PCP must be undecidable.
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What other important problems are undecidable?

By Rice’s Theorem, any set of machines or computers with a certain set of strings that are accepted or
certain behavior when machine/program runs.

Determining the minimum airline trip cost with no restrictions on route or number of stops.

Virus detection — {<P> | P is a program that would cause a file on the host computer to be infected}
Note: similar to determining program behavior when it runs

Vulnerability detection — {<P> | P is a program such that on some input w, running P on w leads to a
security compromise}
Note: determining program behavior when it runs

Determining if a grammar is ambiguous — {<G> | G is a CFG and is ambiguous}
Note: reduction from PCP

But, wait, there are companies that sell/produce software that solves these problems!!

e Orbitz, Expedia, Travelocity, etc.
e McAfee, Symantec, etc.
e Fortify Software, Aspect Security, PolySpace Technologies, Secure Software, etc.

What gives?

Undecidable means that there is no program / no algorithm that:
(a) ALWAYS gives the correct answer and
(b) ALWAYS halts/terminates

What if we have to give up just one property? Which one is acceptable? Can’t really give up (b), so must
give up (a). Giving up (a) means that the price may be cheap but not the cheapest for airlines. Giving up
(a) means that antivirus software may give the wrong answer (say P is a virus when it is not, say P is safe
when it is). We just get it right some of the time.
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Next Topic: Complexity Theory
How long does it take a Turing Machine to Decide?
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Now we care about how *long* a TM takes to decide, given the length of the
input string (Complexity)

This should be review from Data Structures.

Questions:
1. What is the big-O running time of selection sort?

2. What is the big-O running time of merge sort?

3. What is the big-O running time of binary search?

Now, we will do our complexity analysis with respect to the number of steps (transitions) a TM makes in
the worst case given input string w with length |w]|.

L ={a™™ | m >= 0}

What could the TM look like?
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On input w:
1. Scan across to see if input is in form a*b*. If not, reject.
2. While a’sand b’s on tape:
a. Scan across, marking an a and b each time
3. Ifa’sremain after b’s are marked or b’s remain after a’s are marked, reject. If no unmarked
symbols found, accept.

How much *time* does the TM take?

definition: Assume M is a TM that is a decider. Then the running time of M is the function f: N -> N
where f(n) is the maximum number of steps that M uses on any input of length n.

What is the running time of above TM?
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Activity 19: Running Times and Complexity Class P

Definition: Assume M is a TM that is a decider. Then the running time of M is the function f: N -> N
where f(n) is the maximum number of steps that M uses on any input of length n.

Definition: Big O: Let f and g be functions such that f: N -> R+ and g: N -> R+. We say that f(n) = O(g(n)) if
positive integers c and no exist such that for every integer n >= ng, f(n) <= c*g(n). g(n) is an upper bound

for f(n). Intuitively, think of f(n) <= g(n) if we disregard differences up to a constant factor.

Exercise 1: Assume the TM running time is f(n) = 4n® + 6n% + n + 5. Find g(n) such that f(n) is O(g(n)):

Can g(n) be n?? YES NO
Can g(n) be n? YES NO
Cang(n)ben*Ign? YES NO
Can g(n) be n®? YES NO

Definition: Little o gives us a strict asymptotic upper bound.

f(n) = o(g(n)) if lim (n->inf) [f(n)/g(n)] = 0.
f(n) = o(g(n)) if for any real number ¢ >0, a number ng exists where f(n) < c*g(n) for all n >= n,.

Exercise 2:
Isn=o0(n*lgn)? YES NO
Is 5n =o0(n)? YES NO
Is sqrt(n) = o(n)? YES NO
Isnlog n=o0(n?? YES NO

A note about logs: We usually just write /g in computer science and assume it is base 2, since the base
of the log does not matter in terms of asymptotic bounds, since

logsn = (logan / log,b) so the log,b part just becomes a constant, which we disregard.
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Activity 19 continued

Exercise 3: The following functions could represent the running times of Turing Machines. It is important
to know how to rank these in terms of how quickly (or slowly) the functions grow, so you know if your
TM (algorithm) is fast or slow.

Arrange the functions so that they are in order from slowest-growing (best running time) to fastest-
growing (worst running time).

2Ign

n3

n
nlgn
2n

1
sqrt(n)
nl
Ig(lg n)
lg n

nn
n*2n
nZ
lg(n!)
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Activity 20: Re-Consider L = {a™b™ | m >= 0}

1. Canyou find a single-tape deterministic TM that decides faster than O(N?) where m+m = N?

2. Assume your TM can have two tapes. How fast can you make a TM for this language?

Notice that in computability theory, a single tape TM and a multitape TM had the same computability
power — both can be used to show a language is decidable or recognizable. But, there’s a difference in
complexity theory!!

164



Class P
P = class of languages that can be decided in polynomial time on a deterministic single tape TM.

P = U_k TIME(nY).
e we care about P because these are the problems that are efficiently solved by a computer.

Show PATH = {<G, s, t> | G is a directed graph that has a path from s to t}isin P.

To do this, we must show 2 things:
1) PATH is decidable
2) PATH’s TM runs in poly time

Create TM M that decides PATH.
Oninput <G, s, t>:
1. Check that <G, s, t> is in proper form. If not, reject.
2. Mark node s in vertex list of G
3. Repeat until no new nodes are marked:
a. Scan edges of G. If (a,b) is an edge and a is marked and b is unmarked, mark b.

4. If tis marked, accept. Otherwise, reject.

Now consider the running time. Let n be the number of vertices and m be the number of edges, so input
string length is n + m + 2. Call the input string length N.

Running time:
1. O(N) to check format
2. O(N) to search for and mark vertex s in the vertex list

3. O(N*N) to mark new nodes in vertex list (for each node, need to scan edge set)
4. O(N) to search for and find vertex t in the vertex list

Overall running time is: O(N?)

Because there is a deterministic single-tape TM that decides PATH in O(N?) time, PATH is in P.
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Activity 21: Show that CONNECT = {<G> | G is a connected undirected graph} is
in P.

Create TM M that decides CONNECT. Hint: this is similar to PATH.

Running-time of the TM with respect to length N of the input string:
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Theorem: P is closed under union.

Proof: Assume there are two languages, A and B, that in complexity class P. Because they are in P, there
exists a deterministic TM M1 that decides A in polynomial time NX. There exists a deterministic TM M2
that decides B in polynomial time NP. We can create a deterministic TM M3 that decides A U B as
follows:

On input w:

1. Run M1 on w. If it accepts, accept. If not, go to step 2.
2. Run M2 on w. If it accepts, accept. If not, reject.

Running time: The runtime of step 1 is NX. The runtime of step 2 is NP. The total runtime is N* + NP =
N™>(kP) So, the runtime of M3 is polynomial. So, A U B is in complexity class P.
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Acnr

Theorem: Every CFLis in P.

Proof idea: Convert CFL to CNF form (poly time algorithm: 4 steps, each step modifies at most all rules).

Then decide Acnr = {<G, w> | G is a grammar in CNF that generates w} in poly time with dynamic
programming.

TM for Acn:
On input <G, w> where G is in CNF:
1. If w=-¢gand S->¢, accept.
2. Fori=1ton: //fillin diagonal entries (representing substrings of length 1)
a. For each variable A:
i. testwhether A ->wjisarule. If so, put A in entry T(i,i)
3. ForL=2ton: //Listhe length of the substring
a. Fori=1ton-L+1: // iis first position in substring
i. Letj=i+L—1 //jislastpositionin substring
ii. Fork=itoj-1: //kisthe split position of the two substrings
1. Foreach rule A->BC
a. IfT(i,k) =Band T(k+1,j) =C, put Aiin T(i,j)
4. IfSisinT(1,n), accept. Otherwise, reject.

Example:
S->SF|a

F->AS
A->CG|SS|CS|a
G->CA

C->b

w = abaa

Step 1: wis not g, so keep going.
Step 2: fill in diagonals:

S, A

W N R

S, A

T(1,1) =S, Asince wi = a and S->a and A->a
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T(2,2) = Csince w, = b and C->b

Step 3:
ForL=2to 4
Fori=1ton-L+1
j=i+l-1
Fork=itoj-1
L i J k Action
2 1 2 1 T(1,1) = S/A, T(2,2) = C so there is no rule -> SC or AC
2 2 3 2 T(2,2) = C, T(3,3) = S/A. Since A->CS, T(2,3) = A and G-
>CA, T(2,3)=G
2 3 4 3 T(3,3) = S/A, T(4,4) = S/A. Since A->SS, T(3,4) = A. Since
F->AS, T(3,4) = F.
3 1 3 1 T(1,1) =S/A, T(2,3) = A/G so there is no rule
3 1 3 2 T(1,2) = empty, T(3,3) = S/A so there is no rule
3 2 4 2 T(2,2) =C, T(3,4) = A/F. Since G->CA, T(2,4) =G
3 2 4 3 T(2,3) = A/G, T(4,4) =S/A. Since F->AS, T(2,4) = F
4 1 4 1 T(1,1) = S/A, T(2,4) = G/F. Since S->SF, T(1,4) = S
4 1 4 2 T(1,2) = empty, T(3,4) = A/F so there is no rule
1 4 3 T(1,3) = empty, T(4,4) = S/A so there is no rule
DONE
Table:
1 a 2 b 3 a 4 a
1 S, A S
2 C A, G G, F
3 S, A AF
4 S, A

Step 4: Since Sis in T(1,4), we accept.

169



Activity 22: Practice with filling in table for A_CNF
1. Try the algorithm for w = aaab. Complete the table below.

G:

S->SF|a

F->AS
A->CG|SS|CS]|a
G->CA

C->b

A wN R
oo o o

2. Try the algorithm for w = bbab. Complete the table below.

W N

T QO T T

3. Try the algorithm for w = abaa. Create the table below. Note the dimensions of the table.
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Class NP, Nondeterministic Polynomial Time
NTIME(t(n)) ={L | Lis decided in time O(t(n)) by a nondeterministic TM}
NP = Ux NTIME(O(n¥))

So, languages that can be decided by a ND TM in poly time are in the complexity class NP. Another way
to look at NP is the following:

verifier: A verifier for a language A is an algorithm V, where
A ={w | V accepts <w,c> for some string c}

What does this mean? Given a certificate c (solution), we can verify that w is in A. A polynomial time
verifier runs in poly time with respect to the length of w. So, if A has a poly time verifier, it is in NP.

Example of verifier for HAMPATH:

N’: On input <<G, s, t>, c>: // cis the list of ordered vertices for the path
1. Test whether cis a list of all vertices in G. If not, reject.
2. Test whether successive pairs in c are edges in G. If not, reject.
3. If both 1 and 2 pass, accept.

Running time:

1: O(n) // if dictionary
2: O(n) // if dictionary
3:0(1)

So, here’s how | think of it: The certificate c is a potential solution for the input to be in the language. So,
given a potential solution, can we see if it is correct in poly time?
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Clique is in NP

CLIQUE = {<G, k> | G is an undirected graph with a k-clique}
[Note: a clique of size k is a subset of k vertices such that there are edges between all pairs of the k
vertices]

Show that CLIQUE is in NP by (a) building a ND TM and (b) building a poly time verifier.

(a) ND TM:

On input <G,k>:
1. ND select a subset G’ of k nodes
2. Test if G contains edges connecting all pairs of nodes in G’
3. If so, accept. If not, reject.

time:
1. O(|V]) // select k from |V| vertices
2. O(k** |E]) // k% pairs of vertices and check each against list of edges
3. 0(1)

So, it is poly time with respect to the length of the input.

(b) Verifier V:

On input <<G, k>, c>:
1. Testif cis a subset of k nodes of G
2. Test whether G contains edges connecting pairs of nodes in ¢
3. Ifboth 1 and 2 pass, accept. If not, reject.

time:
1. O(|V|) //checkif there are k nodes in c and k are distinct
2. O(k** |E])
3. 0(1)
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Activity 23: Subset Sum is in NP

SUBSET_SUM = {<S, t> | S = {x4, X, ... X} and for some {y1, y2, ...y;} that is a subset of S, we have the sum
of yi's is equal to t}

LetS=1{2,6,12,7,9,4,6,5}

t=32

Is <S, t>in SUBSET_SUM? yes. 12+9+7 +4
Show that SUBSET_SUM is in NP.

a) Create solution with ND TM. Remember to analyze its runtime.

Oninput <S, t>:

b) Create solution with a polynomial time verifier
On input <<S, t>, c>: // cisasubset of S
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Questions and Reductions

Consider the complement of SUBSET_SUM. Is this in NP? We would need to verify that a subset is not
present, which is harder to verify that a subset is present.

complexity class: coNP = {L | the complement of L is in NP}.

We don’t know if coNP is different than NP.

Is P == NP?
We don’t yet know, but we believe they are different. No poly-time deterministic
algorithms have been found for languages in NP and there are lots of languages in NP.

Back to reducibility: now we’ll use the technique to show a language is in a certain complexity class.
Definition: f: 3* -> 3* is a poly time computable function if some poly time TM M exists that halts with

f(w) on the tape given w as input.

A B
w " f(w)

A <=, B: Alis poly time reducible to B if a poly time computable function exists where for every w, w is in
Aif and only if f(w) is in B.

Theorem: If A<=, Band Bisin P, then Aisin P.
Proof: Assume B is in P with poly time TM M. Assume A is poly time reducible to B with TM N. Then

create a poly time TM O for A that does the following: Runs N on w to produce f(w). Runs M on f(w). If M
accepts, accept. If not, reject. Time: N runs in poly time and M runs in poly time, so the sequence of the
machines is poly time.
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NP-Complete Languages

Definition: A language B is NP-complete if:

1. BisinNP
2. Every Ain NP is poly time reducible to B // this property is called NP-hard
Class NP:

Why is this important? If we could solve B in poly time, then we could solve every other language in NP
in poly time!!

Theorem: If B is NP-complete, Cis in NP, and B <=, C, then C is NP-complete.

All > B - (poly time)----> C

Once we know a problem is NP-complete, we can use it as language B to show a reduction from B to C
to show C is NP-complete. (kind of like undecidability...there we kept adding to our collection of
undecidable languages and could use any one of them to create a reduction)

But, how do we find the “first” NP-complete problem/language....
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SAT is NP-complete
SAT = {<d> | ¢ is a satisfiable Boolean formula}

Cook-Levin Theorem: SAT is NP-complete.

Proof:
We want to show that SAT is NP-complete. To do this, we must show 2 things:
1. SATisin NP

2. Everylanguage A in NP is poly time reducible to SAT

To show 1:

Build a ND TM N: On input <¢>:
1. ND choose truth values for each variable
2. Check if ¢ is true with the assignment of truth values
3. If 2 passes, accept. Otherwise, reject.

Running time:

1. O(n)

2. 0O(n)

3. 0(1)
To show 2:

Let A be in NP. Then, A has a ND TM N that decides A in O(n¥) time for some constant k.

We'll reduce A to SAT.

w
> B.u”d o) b T
and N

!

reject

In other words, we are creating a function f:A -> SAT such that w is in A if and only if f(w) is in SAT.
Idea: We will use configurations of N on w on some branch of computation to create a Boolean formula.

Definition of tableau:

# QoW1WoW3.eeee _ ... _H#
HW101W2Ws..... ___.._H
# #
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The height of this tableau is order n* since we know the TM runs in poly time on some branch. The width
of the table is n* (we’ll just pad _ after each configuration). The first row is the starting configuration of
the branch of N on w. Each successive row is the next configuration of the machine on w. If any row
contains gaccept, this is an accepting tableau. So, the problem of determining if N accepts w can be turned
into “Does an accepting tableau for N on w exist?”

We’ll convert the entries of the tableau into variables.

Let C = collection of tableau symbols = QU I U {#}
Boolean variables: Xijs=1if cell[i,jl=s
Xi,j,s:o if Ce”[l,_]] I=¢

G) = d)cell && Cbstart && d)move && d)accept
1. ¢ represents that each cell contains exactly one symbol.

A =Xijs1 || Xijs2 || Xijsz oeee || Xijsicl // |C| is the number of different tableau symbols
// this expression handles at least one symbol is

// in cell[i,j]

Bij = (Xijse || ™ijs2) && (ijsn || Mijsa) oo && (Mijsicr-a || Xijsicy)
// includes all pairs where at most one symbol is on
// note that if the cell has two symbols, then the
// corresponding clause is false, causing B; to be false

Dcenl = /\ (A && Bj)
k
1<=l<=n

l1<=j<=n
2. Dyt Will represent the starting configuration in the top row.
Ostart = X1,1,4 && X1,2,0 && X1,3w1 && ... && X1ns2,wn && X1n43, && ... && X1,0°4

3. Daccept Will represent an accepting configuration, so accept is anywhere in the row.

q)accept = \/ Xi,j,qaccept

l1<=i<=n

) k
l<=j<=n
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4. O move Will represent legal TM moves.

Assume we have the following transition in the ND TM N:

‘ b->C, L .

a->b, IX)

What are the legal tableau windows of size 3 x 2?

following b->c, L

b->a, R

following b->a, R

following a->b, R

a (o Bl b
gz a C

a a1 b
a a gz

a a g1
a a b

on left side of tableau

following b->c, L

following b->c, L

# b a
# b a

a b a
a b Qg2

b b b
c b b

Many more, but this serves as examples.
Drmove = /\Lij
1<=i<n

1<j<n

Lj = 3x2 legal window with top-middle location at row i and column j.
Lij = Xij-1,a1 && Xi,j,a2 && Xij+1,a3 && Xi+1,j-1,a4 && Xi+1,j,a5 && Xi+1,j+1,a6
// where window is:

al a2 a3
ad a5 ab

That concludes the process for creating ¢.

Now, we need to determine that this function to map A to SAT is polynomial time. Let’s look at each part

separately.

1. dcei: The number of variables in A is |C|. The number of variables in Bj is 2| C|2. But C is constant size

set, depending on the TM only and not on the length of w. Given the size of the tableau is n%, then the

size of deen is O(n%) = O(n%).

2. dstart: The number of variables is the size of the top row, which is O(n*).

3. daccept: The number of variables is the size of the tableau, which is O(n%).
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4. Pmove: The number of variables in each window is 6 and the number of windows is O(n%).

The total running time to convert language A with TM N to a Boolean formula is O(n?) which is
polynomial time.

Since we have shown that SAT is in NP and there is a poly time reduction from any A in NP to SAT, SAT is
NP-complete.
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Review: To show a language is NP-complete

—_

In general, to show A is NP-complete:
1. Show Aisin NP (build a ND TM that decides in poly time)
2. Given Bis NP-complete, show that B <=p A.
a. Provide function F:B->A
b. Show thatif wisin B, F(w)isin A
c. Show thatif F(w) isin A, wis in B (b and ¢ show reduction works)
d. Show that Fis a poly time function

Must do all
parts for a
complete NP-
complete proof

Coming up with the functions to map B to A can take a lot of creativity and clever thinking, especially
when the languages involve different types of structures (such as Boolean functions, graphs, integers).
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3SAT is NP-Complete

Earlier, we showed that SAT is NP-complete. SAT is a language of Boolean formulas that can have
variables connected with ANDs and ORs and variables can also be negated. 3SAT is a language where the
formulas have a specific structure. The specific structure is helpful in showing that other languages are
NP-complete.

3SAT: Boolean formula that is satisfiable in 3CNF (conjunctive normal form)
3 is for the number of variables (regular or negated) per CLAUSE
Each CLAUSE has variables connected via OR
Each CLAUSE is connected to other clauses via AND

Example of format of a 3SAT instance:
Iy ll!z) && (x| z | ty)

What can we set x, y, and z to (true or false) such that the formula is satisfiable?

X = , Y= , 2=

To show 3SAT is NP-complete:

1. We need to show that 3SAT is in complexity class NP
Easy — we use same TM that we created for SAT

2. Build a poly function F: SAT -> 3SAT
Turn any Boolean formula into the constrained 3-cnf form

Step 1: Apply distribution laws to get into conjunctive normal form
Example:a || (b &&c)->(a || b) &&(a || ¢)
Example: (a && b) || (c && d) -> ((a && b) || c) && ((a && b) || d) ->
(@]lc)&&(b|]c))&&((a || d) && (b |[d))

Step 2: Get 3 variables per clause
Case 1: if clause is (x) [just one variable], convertto (x || x || x)
Case 2:ifclauseis (x || y), convertto (x ||y |]Y)
Case 3:ifclause (x || y || 2), keep
Case 4: if clause has more than three variables (al || a2 || ... | | ak) becomes
(@l || a2 ||yl)&&(lyl1 || a3 ]]|y2)&&(ly2]|]ad || y3)&&..
(ty_(k-3) || a_(k-1) | | ak)
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These transformations did not change the satisfiability of the formula, so the original formula in SAT is
satisfiable if and only if the transformed formula in 3SAT is satisfiable.
F runs in poly time:

Step 1: apply distribution law takes O(N?) time

Step 2: cases 1/2/3 take constant time per clause. Case 4 takes O(N?) time

Total runtime is O(N?).

Since we have a poly time transformation from SAT to 3SAT and we know that 3SAT is in NP, 3SAT is NP-
complete.
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Activity 24: 3SAT practice

Part A: Are the following Boolean formulas in 3SAT format?

Ty l]!x) &&(z |]a]la) yes no
Iy && (x| ty[]2) yes no
x&&ly ||z yes no
x|lyl|lz&&a]|]| (b&&!c) yes no

Part B: Are the following Boolean formulas in the 3SAT language?

Ty [ 5%) &&(ly [ty [] ty) yes no
(]I x ] x)&& (X || x]] %) yes no
xIly)&&(Xx[lyll2) yes no

Part C: Use the function to convert SAT Boolean formula to equivalent 3SAT Boolean formula shown
below.

Original Boolean formula format for SAT:

@]l bllc||!d)&&(lc|| d&&e)

Remember levels of operations: negation before AND before OR, so you may want to parenthesize the
expression to help with order of operations.

Convert to Boolean formula format for 3SAT: (do distribution before making 3 per clause)
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SUBSET_SUM is NP-complete

SUBSET_SUM ={<S, t> | Sis a set of integers such that there is a subset S’ of S where members of S’ add
to t}

Show that SUBSET_SUM (SS) is NP-complete.
Proof:

1. We showed SS is in NP during lecture earlier. But, as a review, we can ND choose a subset S’ of S. Add
the numbers together and accept if they add to t. O(n).

2. We need to show some NP-complete problem has a poly time reduction to SS. We’ll choose 3SAT to
use in the reduction. Idea: We’'ll create two integers for each variable in ® and we'll rig it so only one of
the two integers can participate in the subset of S that sums to t.

F(®) =
Let L = number of variables in ®. Let K = number of clauses in O®.

1. For each variable x; in ® create two numbers y; and z to include in set S. Note that the numbers are
written in decimal (left to right) and the 0/1 means that the value is 1 for y; if x; is in clause ¢j and the
value is 1 for z; if Ix is in clause ¢;,

2. For each clause, we create two numbers g; and h; where the clause position has a 1 for clause ¢;and a
0 everywhere else.

1 2 3 4 L C1 C2 C3 Ck
Y1 1 0 0 0 0 0/1 0/1 0/1 0/1
z 1 0 0 0 0 0/1 0/1 0/1 0/1
Y2 0 1 0 0 0 0/1 0/1 0/1 0/1
z 0 1 0 0 0 0/1 0/1 0/1 0/1
Y3 0 0 1 0 0 0/1 0/1 0/1 0/1
z3 0 0 1 0 0 0/1 0/1 0/1 0/1
YL 0 0/1 0/1 0/1 0/1
7 0 0 0 0 1 0/1 0/1 0/1 0/1
g1 0 0 0 0 0 1 0 0 0
hy 0 0 0 0 0 1 0 0 0
82 0 0 0 0 0 0 1 0 0
h2 0 0 0 0 0 0 1 0 0
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8k 0 0 0 0 0 0 0 0
hi 0 0 0 0 0 0 0 0

3. Create t to be:
1 1 1 1 1 3 3 3 3

Here is an example using this function on a specific Boolean formula.
LetD=(x1]] 'x2 || x3) && (x2 || X3 || x1) && (x1 || !x1 || x2) && (x3 || x2 || !x1)

The numbers created are:
1 2

Y1 1 0
4} 1 0
1

1

(@)
R
0O
[N}
(@]
w
o
IS

Y2
2
Y3
Z3
g1
h1
g2
h,
g3
hs
ga
hs

= B, O O O O W
R P OR R OO R
R RO ORFR OOU®R O K
R B O O O O O O O KR Kk -
m_ P OO0 O 0000k O +» O

We need to show the function F is such that @ is in 3SAT if and only if F(®) is in SS.

-> Assume @ is satisfiable. For each variable x; in @, choose vy; if x; is assigned true in the satisfying
assignment and choose z; is x; is assigned false. The left L columns of numbers should sum to 1 for each.
In the upper-right hand part of the table, each of the right K columns sums between 1 and 3 since 1 to 3
variables are true in the satisfying assignment in ®. Select enough of the g; and h; integers to have the K
right-most columns each sum to 3. Thus, there is a subset of numbers that sums to t.

<- Assume F(®) isin SS. So, there is a subset S’ of integers that sums to t. Since at most 5 1’s appear in any
column, there is no carry-over with the addition. To get a 1 in the first column, either y; or z; is in S’ (but
not both). To get a 1 in the second column, either y; or z; is in S’ (but not both). Etc for the left L columns.
If the yiisin §’, set the variable x; to true in @. If the ziis in §’, set the variable x; to false in ®. Because we
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use at most g;and hjin the subset S’, there must be at least one 1 for each of the right K columns from the
y and z integers. Therefore, at least one variable is assigned true per clause, so @ is satisfiable.

Now, we need to show the function F runs in polynomial time.
1 and 2. Creating the y, and z; integers and g; and h; integers: The size of the table is (L + K) * (2L + 2K)
which is O(n?).

3. Creating t is size (L+K) which is O(n).

Therefore, F runs in polynomial time with respect to the length of ©.
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Activity 25: Apply SUBSET SUM transformation

As defined earlier:

SUBSET_SUM = {<S, t> | S is a set of integers such that there is a subset S’ of S where members of S’
add to t}

Let F: 3SAT -> SUBSET_SUM be the function defined in the coursepack and textbook.
Show the result of applying F to the following boolean formula:
(XL || x2 || 'x3) && (X2 || x3 || x4) && (x1 || 'x2 || 'x4)

Set S: (hint: make a table)

Target number t: (hint: really large decimal number)

Which numbers form the subset of S that sum to t?
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VERTEX_COVER is NP-complete

VERTEX_COVER = {<G, k> | G is an undirected graph that has a k-node vertex cover}
A vertex cover is a subset of nodes where every edge touches at least one of the nodes in the cover.

Theorem: VERTEX_COVER (VC) is NP-complete.

To show VCis in NP:
Build a nondeterministic TM N:
On input <G, k>:
1. ND select k vertices of G and call set V'’

2. Test if every edge of G contains a vertex in V'’
3. If1and 2 pass, accept

Running time:

1. O(n)
2. 0O(n?)if the edges and vertices V' are both lists
3. 0(1)

Thus, VCis in NP.

To show 3SAT <=p VC:

Idea: Need function F: @ -> <G, k>

Nodes will be variables of ® and edges between x and !x will ensure that one or the other will be chosen
for the vertex cover. The vertex cover will correspond to the true variables and the two variables per
clause that could be false. Clauses will be grouped together as triangles to ensure that two of the three
nodes are selected for the cover.

FO) =
1. Letk=|V]| + 2|C| where V is the set of variables in ® and C is the set of clauses in ©®
2. Construct the nodes/edges in G as follows:

a. Foreach variable x in V, create

b. Foreachclause (x ||y || z) in C, create @

O—0O
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c. Add edges connecting the clause nodes (in b) to the corresponding nodes in the variable pairs
(in a).

Here is an example construction of G and k for a particular Boolean formula:
O=(x1]]x2|]x1)&& (X1 || x2 || !x2) && (!x1 || x2 || x2)

{
I
i

k=2+2*%3=8

For this example, the VC = {Ix1 (from variable gadget), x2 (from variable gadget), x1, x1 (from clause
gadget 1), x2, Ix2 (from clause gadget 2), Ix1, x2 (from clause gadget 3)}. Note that the assignment of x1
=0, and x2 = 1 satisfies the original formula.

Now, we need to show that F is a function such that @ is satisfiable if and only if F(®) is in VC. Thus, we
need to show both directions for the if and only if.

-> Assume @ is satisfiable. Put nodes corresponding to true variables of the paired nodes (either x or !x)

into the vertex cover. Put the remaining two nodes from each clause not adjacent to the chosen variable
nodes into the vertex cover. Thus, there are |V| + 2|C| nodes in the vertex cover. Then, <G, k> is in VC.

189




<- Assume F(®) is in VC. The cover must include at least one node in each variable gadget to cover the
edge between x and Ix. Two nodes from each clause triangle must be in the vertex cover to cover the
three edges. Just from these nodes alone, there are |V| + 2|C| nodes already in the cover, so we cannot
add any more. Now take the clause gadgets and assign true to the variable not selected for the cover
(since this node is attached to the variable gadget). This assignment of the variables from the variable
gadget nodes in the vertex cover produces a satisfying assignment. Thus, @ is in 3SAT.

Now, we need to consider the running time of F:

1.k=|V]| +2]|C] so thisis O(n)

2a. For each variable in ®, we create 2 nodes and 1 edge. O(n)

2b and 2c. For each clause in @, we create 3 nodes and 6 edges (3 for the triangle and 3 to the variable
gadgets). O(n)

Therefore, we have a poly time function from SAT to VC, so VC is NP-complete.
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Activity 26: Apply Vertex Cover Transformation

VERTEX_COVER = {<G, k> | G is an undirected graph that has a k-node vertex cover}
A vertex cover is a subset of nodes where every edge touches at least one of the nodes in the cover.

Assume F: 3SAT -> VERTEX_COVER is the function shown above and the textbook.
Apply F to the following Boolean formula:

(%L || x2 || 'x3) && (X2 || x3 || x4) && (x1 || 'x2 || !x4)

Draw G here:

This <G, k> is the string for the language VERTEX_COVER. Highlight the nodes that form a k-vertex cover.
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CLIQUE is NP-complete
CLIQUE = {<G, k> | G is an undirected graph with a k-clique}

Proof:

1) We showed earlier in class that CLIQUE is in NP by either constructing a ND TM to decide in poly
time (ND choose k nodes, see if all k are connected to the other nodes) (O(n?)) OR constructing a
poly time verifier: Given <<G, k>, c¢>: see if c contains k nodes of G, check to see that all c are
connected to the others. (O(n?))

2) Now, we need to show that CLIQUE is NP-hard. We do this by reducing a different NP-complete
problem to CLIQUE. Well, the only ones we know about right now are SAT and 3SAT. We'll use
3SAT.

9 <G, k>

We need to create a function F that takes @ and creates a graph G and number k such that if @ is
satisfiable, then G has a k-clique and if @ is not satisfiable, then G does not have a k-clique.

F(®) =

Let k be the number of clauses in .

Let G be a graph with k groups of 3 nodes each where each group corresponds to one clause in ®. Each
node of G corresponds to a variable in @. Put edges in G between each pair of nodes such that:

1) No edge is present between variables in the same clause
2) No edge is present between any two nodes x and !x

box is not part of formal proof, but shows example of reduction on a particular Boolean
formula

Here is an example construction of G and k for a particular Boolean formula:
O=(x1]]x1]]x2)&& (X2 || x1 || 'x2) && (x2 || x2 || !x1)

Since @ has 3 clauses, k = 3.
G will be the following graph:
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Now, we need to show that F is a function such that @ is satisfiable if and only if F(®) is in CLIQUE. Thus,
we need to show both directions for the if and only if.

-> Assume Q@ is satisfiable. Then, at least one variable in each clause is assigned true. Choose the set of
variables, one from each clause, that are true and choose the corresponding nodes in G. These nodes
form a k-clique in G since there are k clauses and each pair of nodes is joined by an edge since only xi or
Ixi can be true.

<- Assume F(®) is in CLIQUE. Thus, the graph G generated by F has a k-clique. Since the graph was
generated from @ with k clauses, there must be one and only one node per clause that is in the k-clique.
Choose these nodes and assign the corresponding variables in @ to true. Since each clause is of the form
(x ]|yl z),at least one variable per clause is assigned true, so @ is satisfiable.

Now, we need to show that F is a polynomial time function.

1) kis the number of clauses, so this is a simple count of the length of ®, and the running time is
O(n) where n is the length of ®
2) The number of nodes created is 3*k, which is O(n). The maximum number of edges created is
3*k*3*(k-1), which is O(n?).
Therefore, the construction of <G, k> runs in O(n?), so 3SAT <=p CLIQUE.

That concludes the proof.

Note: can create a transformation from Vertex Cover to Clique as well through creating a
complementary graph of edges. That version is shown in the Algorithms course.
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Activity 27: Apply Clique Transformation
CLIQUE = {<G, k> | G is an undirected graph with a k-clique}
Assume F: 3SAT -> CLIQUE is the function shown above and the textbook.
Apply F to the following Boolean formula:

(XL || x2 || 'x3) && (X2 || x3 || x4) && (x1 || 'x2 || 'x4)

Draw G here:

Identify the k-clique in the above graph.
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Directed Hamiltonian Path is NP-complete
HAM_PATH ={<G, s, t> | G is a directed graph with a path from s to t that goes through every vertex of G}
Show that HAM_PATH (HP) is NP-complete.

1. We showed HP is in NP during lecture earlier. AND TM can select an ordering of vertices and then check
to see that edges connect the successive pairs. This TM runs in O(n?) time with vertices and edges as lists.

2. We will now show that 3SAT <=, HP.
F(D) =
Let K = # of clauses in ©.

Let L = # of variables in @.

1. Create the following graph gadget for each variable in ©:

where the middle string of nodes depends on K.
¥ | | | |
( \)—»< OO0 OO—~0~0

clause 1 clause 2

2. Connect the diamond variable gadgets to each other with the top node as s and the bottom node as t.
3. If xi is in clause ¢j, add edges from its interior string to a node ¢; as follows:
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clause c;

@Q_W

: / .....

4. If Ixis in clause c;, add edges from its interior string to a node ¢; as follows:

clause ¢;

G020

©

In total, the graph G and nodes s and t will look like:

/\

/\

O
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Now, we need to show that @ is in 3SAT if and only if F(®) is in HP.

-> Assume O is satisfiable. If x, is true, we can use the detour going right to each clause node that x; is in.
If x; is false, we can use the detour going left to each clause node in the other direction. Because @ is
satisfiable, each clause has at least one variable that is true, so we can get to each clause node and get
through the entire chain of variables for each variable gadget. Thus, there is a path from s to t that goes
through each node.

<- Assume F(®) is in HP. Then, each variable gadget must be entered from the top and exit at the bottom.
Either the path will go left or go right from the top node in each variable gadget. If the path goes left, then
assign x; to true. If the path goes to the right, then assign x; to false. Each clause node must be part of the
Hamiltonian path. If the path goes from the gadget for x; to clause node cj and goes back to a variable
gadget xi for k =i, then this cannot be a Hamiltonian path as there is no way to get through the string of
nodes for each variable gadget. Thus, the path must include entry to ¢; from some x; and exit from c; back
to the same string in xi. Therefore, each clause has a true variable assignment, so @ is in 3SAT.

Now, we need to show that F runs in polynomial time.
1 and 2. For each variable, we create 4 + 3K nodes and about the same number of edges. O(n?)

3 and 4. For each clause, we create 1 node. O(n)

Therefore, F runs in polynomial time so 3SAT <=, HP making HP NP-complete.
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Activity 28: Apply Hamiltonian Path Transformation

HAM_PATH = {<G, s, t> | G is a directed graph with a path from s to t that goes through every vertex
of G}

Assume F: 3SAT -> HAM_PATH is the function described above and in the textbook.
Apply F to the following Boolean formula:
(%L || x2 || 'x3) && (Ix2 || x3 || x4) && (x1 || 'x2 || !x4)

Draw <G, s, t> as the result of applying F. Note that this result is the input string for HAM_PATH:
(Hint: lots of diamond gadgets)

Highlight the Hamiltonian Path of the resulting graph.
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For More Information

If you want to read about more NP-complete problems:
Computers and Intractability: A Guide to the Theory of NP-Completeness
By Michael S. Garey and David S. Johnson

What’s NP-complete?

Satisfiablity of logic formulas (SAT, 3SAT)

e Constraint problems (subset sum, knapsack problem)

Graph problems (ham path, vertex cover, clique, graph coloring, traveling salesman...)
Touches every area of computer science

Can find exponential worst-case algorithms for problems that are NP-complete.
In practice, some tips when working with NP-complete problems:
e May find an algorithm that is fast on average, just exponential time in worst case

e Go for approximation algorithms — may not get optimal solution, but can get close to the
optimal with a faster approximation algorithm

Remember, reduce the known NP-complete problem to the one you want to show is NP-complete!!

After these lectures and HW 9:

SAT (lect)
3SAT (
/
CLIQUE (lect) U_S{(hw) HAM_PATH (lect) SUBSET_SUM (lect)  VERTEX_COVER (lect)
MAX_CUT (hw) CONTAIN_SIMPLE_PATH (hw)
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Activity 29: CS357 Last Day “Quiz”

This course, Theory of Computation, introduced you to the tools and skills to characterize types of
problems with regard to the computational model necessary to solve them. Some are “easy” or “hard”
or “impossible to find a solution”.

For each, indicate what kind of state machine (model of computation) would be necessary to solve that
problem.

DFA or NFA (Regular Languages)

PDA (Context-free Languages)

Turing Machine (Decidable Languages)
No Machine (Undecidable Languages)

Problem 1
Input: Airport Name

Output: Yes if # of €’s in the name is greater than the # of a’s in the name. Otherwise, answer is no.

Example: Input: Portland, Output: No
Input: Los Angeles, Output: Yes

Type of machine:

Problem 2
Input: Two airports, pricing schemes, and schedules of all airlines
Output: Cheapest flight option (direct flight need not be cheapest)

Example: Input: Portland, OR and Orlando, FL
Pricing schemes for all airlines, routes of all airlines,

Restrictions on pricing for all airlines

Output: $392.10 on United going through San Francisco,
Chicago on flight classes U and T

Type of machine:
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Problem 3
Input: Two airports, distances between any two airports in the world, airline routes
Output: Shortest flight plan in terms of distance

Example: Input: Portland, OR and Modesto, CA
Output: Shortest flight plan: Portland to San Francisco, San

Francisco to Modesto (760 miles)

Type of machine:

Problem 4
Input: Airport name
Output: Yes, if it has the substring “or” in it. Otherwise, no.

Example: Input: Portland Output: Yes
Input: Los Angeles Output: No

Type of machine:

Problem 5

Input: Entire airline route map

Output: Yes, if there is a tour. Otherwise, no. A tour consists of visiting every airport and no airport is
visited more than once.

Type of machine:
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Activity 30: Course Reflection

1. What are your main takeaways from this course? (hint: what will you remember 2 years from now?
What new tools do you have in your toolbox?)

2. What did you learn that was unexpected?

3. What task/skill are you most proud of from this course?

4. What was your favorite machine type, proof, or transformation from this course and why?
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CS357 Review Sheet - Final Exam

You may use 2 crib sheets as notes during the exam. All other resources are off limits — you are on
your honor to follow these exam rules.

Content: The final exam will be comprehensive. Material will be drawn from homework assignments, lectures, previous exams,
and the textbook (Chapters 0 —5 and Chapter 7).

Procedure: The exam will start promptly. Please arrive to the classroom on time. You may use two sheets of 8.5” x 11” paper
(both sides) OR four sheets of 8.5” x 11” paper (one-sided) during the exam. Please prepare your own notesheets; you may type
or handwrite your notesheets. Other than your notesheets, the exam is closed-book, closed-calculator, closed-computer other
than the exam moodle questions and upload links, and closed-notes. All numerical computations (if any) will be simple enough
for you to do by hand.

Topics: This study guide is not a contract — in other words, the exam may not cover every topic listed below and there may be
topics that we covered in class that are not explicitly listed.

TOPICS SINCE EXAM 3:

e  Post Correspondence Problem (PCP) [matching tiles] is undecidable (reduction from A_TM with tiles containing TM
configs)
e  Time Complexity
o 0, o (big-0 and little-0)
o  Every multi-tape TM with time t(n) has equivalent O(t*2(n)) time single tape TM
o  Every nondeterministic TM with time t(n) has equivalent 22(O(t(n)) time single tape TM
e  Class P (Polynomial Time)
o  Showing a language is in P — create a TM that decides in polynomial time with respect to the input length
o  Examples: PATH (path from s to t in graph), TRIANGLE
o A _CFG={<G, w> | Gisa CFG that accepts w}isin P
= Dynamic programming on to build up table of variables
= Grammar is first converted to Chomsky Normal Form (preprocessing takes poly time)
e  Class NP (Nondeterministic Polynomial Time)
o  Showing a language is in NP
=  Create a nondeterministic TM that runs in polynomial time <OR>
= Create a verifier that takes input and certificate and runs in polynomial time
o  Examples: HAM_PATH, CLIQUE, SUBSET_SUM
e Does P ==NP, Does P = NP?? Most likely that P = NP (P is a proper subset of NP)
e Reducibility
o  Computable polynomial time function from language A to language B (A is polynomial time reducible to B)
o IfA<=pBandBisinP, then Aisin P (composition of functions)
e NP-complete languages
o  Ais NP-complete if:
» Aisin NP
= Every other language Bin NP is <=p A
o  Examples: SAT, 3SAT, CLIQUE, VERTEX_COVER, SUBSET_SUM, HAM_PATH, examples from homework
o Toshow alanguage A is NP-complete:
= Given B is NP-complete, show that B <=p A.
=  Provide function F:B->A
=  Show thatif wisin B, F(w)isin A
=  Show thatif F(w)isin A, wisin B
= Show that Fis a poly time function

PREVIOUS TOPICS — EXAM 3
e  Proving a language is not context free (pumping lemma)
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e  Turing Machines

o

o
©]
©]

©]
©]

Configurations
Formal definition
Creating a state machine
Equivalent models: nondeterministic, multi-tape, stay put/left/right movements
=  To show equivalence: need to convert the model to a regular TM, need to convert a regular TM to
the model
Turing-recognizable (accepts strings in language but may not halt on all input)
Turing-decidable (always halts)

e  Decidable Languages

o
o

(0]

(¢]

To show A is decidable, construct a TM for A that always halts.
If A'is a decidable language, then A is Turing-recognizable and the complement of A is Turing-recognizable
(also called co-Turing-recognizable).
Examples of decidable languages with regular languages: Apra, Anra, Arex, Eora, EQora, INFINITEpra
Examples with CFLs: Acfg, Ecr
Examples from homework: Epra_recex , ALLora , INFINITEppa
= A={<R>| Risaregular expression describing a language containing at least one string w that has
111 as a substring.}
=  B={<P>| PisaPDAthat has a useless state.}
Closure: decidable languages are closed under concatenation, complement, union, intersection

e  Any and the Halting Problem

O
O
o
o

Arv is undecidable

Arwm is Turing-recognizable

complement of Arv is not Turing-recognizable
HALTmv is undecidable

e Undecidable Languages

O
o

(¢]

o

Proof by contradiction (using a reduction from language A to language B)
Examples of undecidable languages:
" Anw, HALT1w, Erm EQrm REGULARTw, AlLcrs
Rice’s Theorem
= Examples: INFINITErm is undecidable, {<M> | M is a TM and 1011 is in L(M)} is undecidable

AlLcre

PREVIOUS TOPICS — EXAM 2

. Programming regular expressions
. Nonregular Languages

O
O

Prove using the Pumping Lemma, proof by contradiction
Prove via closure properties (union, concat, star, intersect, complement) and proof by contradiction

e  Context-Free Languages (CFLs)

o

o

o

Grammars (CFG)
=  Given a grammar, generate the language and generate strings in the language
e  Generate parse tree for a string
= Given alanguage, generate a grammar for it
=  Determine if a grammar is ambiguous
=  Converting a DFA to a grammar (shows that all regular languages are CFLs)
=  Converting a grammar to Chomsky Normal Form (CNF)
Pushdown Automata (PDA)
=  Formal definition
=  Given a language, generate a PDA to recognize the language
=  Given a PDA, describe the language it recognizes
= Equivalence with CFGs (CFG->PDA, PDA->CFG conversions)
Proving closure properties (union, concatenation, star, etc. by modifying grammars or modifying PDAs)

PREVIOUS TOPICS — EXAM 1
. Discrete Math Review

o
o

Sets, Sequences (Tuples)
Functions, Relations
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Graphs
Strings and Languages
Boolean Logic
Proofs

. Direct, Indirect, Contradiction, Induction, Construction
Regular Languages (those that can be recognized by DFAs, NFAs, or written as regular expressions)
DFAs

o Given alanguage, construct the DFA

o  Given a DFA, state the language it recognizes

o  Formal definition as a tuple
Union, Concatenation, *

o  Closure of regular languages under union, concatenation, * (know the proofs)
Closure of regular languages under other operations such as reverse and perfect shuffle
NFAs

O O O O

Given a language, construct the NFA
Given an NFA, state the language it recognizes
Converting NFAs to DFAs

o  Formal definition as a tuple
Regular Expressions

o  Given a regular expression, state its language
Given a language, create a regular expression
Converting regular expressions to NFAs
Converting DFAs to regular expressions
Converting DFAs to regular expressions

o O O

O O O O

205



